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THE PHENOMENA OF MOLECULAR ORIENTATION 

IN POLAR LIQUIDS AND THEIR SOLUTIONS. PART II. 

FURTHER DEVELOPMENT OF THE THEORY OF DIPOLE 
COUPLING IN POLAR LIQUIDS 


By A. PIEKARA, Institute of Technology, Gdansk 
(received July 8, 1949) 


This theory assumes the existence of three kinds of coupling to which mo- 
lecular dipoles are subjected in a solution. The coupling of the first kind (Fowler— 
Debye) consists in the action of. many molecules surrounding the given one and 
behaving in the solution like a stiffened “cluster. The coupling of the second kind 
tends to bind the given molecule to its nearest neighbour. Depending on the struc- 
ture of the molecules, this coupling can give rise to nearly antiparallel or nearly- 
parallel non-rigid pairs. It plays a predominant. part in polar liquids. The coupling 
of the third kind tends to group quasi-rigid pairs which already exist into double 
pairs. This kind of coupling does not play any part in dilute solutions (contrary 
to the coupling of the second kind; cf. Figs 12 and 18). The formation of double. 
pairs is more likely in highly concentrated solutions, and therefore groups of this 
type play a more important part in concentrated solutions. 

It is assumed that for nitrobenzene the coupling of the second kind is nearly 
antiparallel, while such coupled pairs are able in their turn to align themselves 
nearly parallel to each other. 

On this basis the theory of the four phenomena of molecular orientation: 
dielectric polarization, the Kerr effect, electric saturation and the Cotton-Mouton 
effect, was developed. Formulae for the reducing factors of molar constants of these 
phenomena have been deduced. These are formulae (32), (33), (34) and (45) for the 
case of nearly antiparallel coupling and (32a), (33a), (34a) and (45) for the case 
of nearly parallel coupling. 

The functions L, P, K, etc. are defined by formulae (31) and the operations 
- connected with them are determined by formulae (30). The quantities y; and y; 
(event. yj) are the mean coupling energies measured in kT. The variation of the 
reducing factors for different values of y, and y is shown by the curves in Figs. 4, 
6, 8 and 10 for nearly antiparallel coupling and in Figs 5, 7, 9 and 10 for nearly 
parallel coupling. The dependence of y and y, on the concentration n of the polar 
solute in a non-polar solvent (n- the number of dissolved molecules per e. e. of 
solution) is expressed by, formulae (55) and (70) and represented graphically in 
Figs 12 and 18. 

Four constants are needed to define all kinds of molecular coupling in so- 
lution. These are the following, and for nitrobenzene they have the values shown 
in brackets: (1) The energy of coupling of the first kind (always measured in. kT) 
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to which each uipole is subjected (yj-2); (2) The energy of coupling of the first 
kind to which the “quasi-rigid“ pairs of dipoles as a whole are subjected (y/=1); 
(3) The minimum distance at which the molecular dipoles of nitrobenzene approach 
one another (7)>=4.6 A); this is the only constant (besides the dipole moment w) 
necessary for the calculation of the coupling energy of the second kind; (4) The 
constant (O=3.5 x 107108) necessary for the calculation of the coupling energy of 
the third kind as a function of n. — With the help of these constants the reducing 
factors have been calculated for all four phenomena of molecular orientation, 
namely: the electric polarization (reducing factor E), the electro-optical Kerr effect 
(reducing factor Ej), the electric saturation effect (reducing factor E,) and the 
Cotton-Mouton effect (reducing factors E). These reducing factors are represented 
graphically in Fig. 20. The curves are very similar to the experimental curves in 
Fig. 2., calculated with the assumption of an Onsager field. 

Of special interest are: the increase of the reducing factor E, with the con- 
centration; the decrease and afterwards the increase of the reducing factor R of 
electric polarization (of which a calculation using Lorentz field gives no indication) 
and finally the very queer course of the reducing factor of the electric saturation Rg 
very close to the experimental curve. Very significant is the fact, that only by the 
use of Onsager's idea of tne local field is it possible to obtain quantitative agreement 
between theory and experiment for all four curves of the reducing factors. 


§ 1. Introduction. In this paper a further development is 
presented of the theory published in August 1939 concerning electric 
polarization, the electro-optical Kerr effect and electric saturation 
(Piekara 1939 b). Therefore the present paper may be regarded as 
a sequel not only to Part I of this paper (Piekara 1950), but also to 
the paper of 1939 mentioned above. For mathematical methods the 
reader is referred to that work. 

Four phenomena of molecular orientation are treated here: 


(1) Electric polarization. In this effect the molecular polarization 
a may be expressed by the well-known formula 


4z. Ny? 


dip - 


(N — number of molecules per mol, u — electric dipole moment), valid 
for the gaseous state. For liquids, where molecules are not free, the 
molecular polarization becomes smaller (ptr) and a reducing factor 
appears: 


|. . (2) Electric birefringence (Kerr effect). Gases or liquids, when 
placed in an external electrie field, become birefringent. From meas- 
urements of the ellipticity of the light passed through the medium, 
the molar Kerr constant K" may be computed according to a well- 
known expression, which we need not quote here. On the other hand, 


a 
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the theory of molecular orientations, leads, for gases and vapours, 


to the formula 
A gas Hn — 20 NO,, (3) 
with 


2 
O= 5T uU (bs —b,), (4) 
if the molecules have rotational symmetry (5,— bz, b) and u is directed 
along the axis of symmetry (z — axis). The molar Kerr constant is 


smaller for the liquid than for the gaseous state and this diminution 
is taken into account by introducing a reducing factor Ey: 


Kr Kun (8) 


(3) Eléctric saturation. Under the influence of an external elec- 
tric field E the dielectric constant e of a gas or a vapour diminishes by 


ag: 


2 
3 


4 
4e — —I22n| Jer. 6) 
if the Lorentz local field is supposed to exist. Here w denotes the num- 
ber of molecules per c. c. and O, is the well known Debye expression 


ut 
9.— 1s Te: n 
Now, we introduce à , molar constant of electrie saturation^ in the 


following way: 
for gases gas — —42NO,, (8) 
for liquids Sm— —4nz NO, Ra, (9) 


where R, is a reducing factor. According to experiments performed 
with non-associated liquids, like ethyl-ether, 4e is negative and E, 
nearly 1. On the other hand, experiments carried out by the author 
and B. Piekara (1936) show that for pure nitrobenzene Ae is positive, 
i.e. R, is negative. This is the so-called „inverse saturation effect". 


(4) Magnetic birefringence ( Cotton-Mouton effect). This effect, 
which takes place in the magnetic field, is analogous to the Kerr effect. 
. In the theory of molecular orientation the molar Cotton-Mouton con- 

stant, computed from measurements, is expressed by 


gs" = 2xNO,, (10) - 
where 
— €) (by — 51) (11) 


8* 
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(c,— e, and ce, are coefficients of magnetic polarizability of the mole- 
cule assumed to have rotational symmetry). This constant changes 
when passing to a liquid state, e. g. it diminishes for many liquids, 
but increases for nitrobenzene (H. König 1938). We introduce a re- 
ducing factor Rey as usual: 


For nitrobenzene we must allow for the fact, that the „reducing“ 
factor becomes >1. 

We must emphasize that as yet nitrobenzene is the only liquid 
for which all the effects of molecular orientation here described have 
been thoroughly investigated. Therefore the experimental results ob- 
tained for nitrobenzene can be compared with the theory. 

The aim of the theory of intermolecular coupling developed here 
is to introduce interactions between dipole molecules which could 
explain the behaviour of reducing factors for all effects of molecular 
orientation at once. Not only. pure nitrobenzene but also its solutions 
in non-polar solvents will be considered. 


§ 2. Experimental values of the reducing factors. 
In the first section we have defined four molar constants, namely: 
p*?, K™, S™ and 0”. These constants must be computed from exper- 
imental data. Nevertheless, experiment does not yield these values 
immediately but it gives others such as e, Ae, the phase difference 
of elliptically polarized light etc., from which the molar constants 
must be calculated. At first an exact idea about the local field is re- 
quired for this calculation. Usually Lorentz’s local field was applied 
to gases and vapours as well as to solutions and pure liquids. In such 


conditions the well known formulae (13)—(16) have been deduced, 


giving P™®, K” and S". In evaluating C" we are of course not con- 
cerned with the problem of the local field. 
The formulae mentioned above are 


wv (13) 

e Keeper lea) ae (14) 
r a^ (15) 

C ROT qs) 
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All these molar constants satisfy the rule of additivity. Denoting by 
Xm any molar constant, we have for the solution 


Xp = XAT fi +X? fz, (17) 


where f, and f, are the molar fractions of the solvent and the solute, 
and XZ — the molar constant of the solution, calculated according 
to (13)— (16) with 


M, = M, f, + Me fs. (17 a) 


In the case of the solution of a polar solute (index 2) in a non-polar 
solvent (index 1), Xf and Xiz are to be measured and X7 is to be cal- 
culated. The latter represents the molar constant of the investigated 
polar substance at the given concentration. If X™ is measured both 
for the gaseous (gs X") and the liquid state (X7) the reducing factor 
is obtained immediately form 


mn 
See 
m 
gar 


R 


(18) 


On the other hand, if Onsager’s local field is assumed, we obtain 
for the molar constants P, K" and S" formulae which are essen- 
tially different from expression (13)—(15); only formula (16) expres- 
sing the molar Cotton-Mouton constant remains unchanged. The pe- 
euliar property of these formulae is that the rule of additivity (17) 
is not applicable. These expressions (in case of Onsager's local field) 
have been deduced by the author in part I of this paper (Piekara 1950). 
Here we restrict ourselves to the results: 


(a) The molar polarization P% of a polar liquid dissolved in 
a non-polar solvent is given by the equation 


fg —1 My P f | n | pliP 1 | Í (19) 
392 d UEM BE (1— "2 P2) 1— Typ Pe’ 
where | 
SER (19 a) 


J27 9 Bia ae 1 
(cavity field factor), 


. 251) | 19 b 
Tiz = Qe +1 ( i ) 
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(reaction field factor), and 


d 
pi — Pr (19 c) 
d, 
Do = Pi (19 d) 


(dielectric polarizability factors of the molecules). 


By taking Ec and 7,0 (i.e. F= Sart E and the 


reaction field vanishes) the case of the Lorentz local ae is obtained, 
and equation (19) is transformed according to the rule of additivity 
into 


Py = Py f, + P; f, (19 e) 
with 
12—1 zt 
1937 NAT (13 a) 
and 
pl ps. pss 


(b) The molar Kerr constant Ks" is to be calculated from the 
equation 


m h m Í 
mensis gy cmt reese Oe 2 
F CESA 1? nage 2 (1— fis Pg Ay)? (1— Py Dy 237^" n: 
where 
K” — Me (fag — 13x) niz di Zu (20 a) 
(na FOE gi dy 
and 
gp- Pu mae ( 3 yan 20) 
(ni-29E* la--2) a,’ 
diac dnd Ness 20 
TT s m (20 c) 


with a—41(a,--a,4-a,) representing a measure of the anisotropy of the 
molecule assumed to be rotationally symmetric (a,= dg, ds). 

Introducing the Lorentz value for g, and taking r,,— 0 we find 
that Kf has a form identical to that of (14) and that the rule of ad- 
ditivity (17) is satisfied: 


Kp = KP fit Ke fe. l (20 d) 


imet 
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(c) The molar constant of electric saturation S" for polar mol- 
ecules dissolved in a non-polar solvent is to be calculated from the 
change Ae, of the dielectric constant of the solution under the in- 
fluence of a strong electric field E. Assuming (as is indeed the case) 
that Ae for a pure solvent is negligible, the following equation is ob- 
tained 

Ag, My, _ Sy fo 


SS Ranta Qu Of RMU a 
SEP Me (=) (1— Pp pa Aq)? (1. — "2 pa À,)* 


(21) 


2 
where only for Onsager’s case and for a << T we get approximately 


af e » QA, Eo 


xia d + + ——__+—_ | ——*+ _ }. 21a 
ðe 2e +l E E N Ee | 


*12 


E+ 2 


Putting g= and 7,,—0 into formula (21), we obtain the Lo- 


rentz case, i.e. the additivity of the molar constant S", expressed 
by. (15): 


do ees 
SESS 42245 qa FP: 


(cf. Part I, § 5). 


(d) The molar Cotton-Mouton constant C> may be computed 
conforming to the rule of additivity: 


Cia = Cr fi + Cz fe, (22) 
where 
m jae aaa 6r My, (22 a) 
(ni22-2)? H'" dy 
and 


on = Una Mx) 6M ne (22b) 
(ni +2}H d B: 


aecording to (16). As mentioned above, the problem of the local field 
does not concern the Cotton-Mouton constant because of the low 
value of the magnetie susceptibility of diamagnetic liquids. 

Now, having four molar constants, we are able to caleulate the 
reducing factors according to (18) for all investigated phenomena of 
molecular orientation, for the Lorentz as well as for the Onsager field. 


Thus, for different concentrations of nitrobenzene in benzene we ob- 


114 A. Piekara 


tain four diagrams in the Lorentz case (fig. 1) and four diagrams in 
the Onsager case (fig. 2), showing the dependence of reducing factors 


Fig. 1. Curves showing the experimen- Fig. 2. Curves showing the ex- 
tal values of the reducing factors for perimental values of the same 
nitrobenzene in benzene as a function reducing factors as in Fig. 1 
of the number of molecules dissolved but calculated assuming the 
per c. c., calculated from experimen- - existence of an Onsager local 
tal data and assuming the existence field. 


of a Lorentz local field. The curve 

R CM is taken from measurements with 

nitrobenzene — OOl, solutions, cf. 
Part I, § 6). 


R, Rx, Rs, and Rey on the number n of nitrobenzene molecules per c. c. 
We call the reducing factors thus obtained ,,experimental reducing 
factors“, although they involve a certain theoretical assumption con- 
cerning the local field. 


§ 3. Discussion of experimental results. If one of the 
theories of the local field were to lead to the result that all reducing 
factors for all concentrations are constant and equal to 1, any con- 
siderations of intermolecular coupling would be NOT Re Such. 
indeed is the aim of Onsager’s theory. For pure polar liquids it does 
provide formulae which allow us, to calculate the dipole moment, 
as it would be calculated for a gas, provided we take into account 
the dielectric polarization. 

However, it appears that all the so called „molar constants“ 
are by no means constants even when Onsager’s theory is used, as 
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shown in fig. 2. In order to explain this variability of the molar con- 
stants and of the reducing factors, it appears necessary to assume 
the presence of intermolecular coupling forces. It is the purpose of this 
theory to discover such a mechanism of dipole coupling, which would 
explain at once the dependence of the reducing factors of all phenomena 
of molecular orientation on the concentration. 

The question may be put in this way: Which set of graphs, the 
Lorentz or the Onsager, can be admitted as being nearer to the reality 
of the observed phenomena? According to Part I of this paper a su- 
periority must be attributed to the Onsager loca] field! and to the 
corresponding set of reducing factors. Nevertheless, the present theory 
of molecular coupling will be applied to both sets of reducing factors 
and it will be shown that the agreement between theory and exper- 
iment can be attained only for Onsager’s local field. 

As to the first set of reducing factors, fig. 1 shows that, with 
the exception of the reducing factor of the Cotton-Mouton effect, all 
reducing factors diminish rapidly with concentration. The decrease 
is especially great in the case of the electric saturation reduction fac- 
tor R,, so that the change of sign. in the graph of this function (ocur- 
-ring for the number n= 5,3 X 1021 molecules per c.c.) must be shown 
in a separate diagram with a scale factor s times larger. This de- 
crease is due to the Lorentz factor (3) appearing in (15). Such 
a catastrophic decrease does not occur in the case of Onsager’s local field. 

In order to explain the diminution of R, Rx and Rs, as well as 
the change of sign of R, and the increase of Rom, it was necessary to 
assume two kinds of dipole coupling forces. On the other hand, if we 
wish to account for the small increase of R and R, at high concen- 
trations in the Onsager case, coupling forces of a third kind must 
be introduced. 


§ 4. Three kinds of dipole coupling forces. (a) Coupling 
of the first kind. According to R. H. Fowler (1935) and P. Debye (1935) 
this coupling is due to a directional field produced by the surrounding 
molecules ordered as in a crystal lattice. The potential energy of a given 
molecule is assumed to be 
U,— —W, cos 6,, (23) 
where 0, is the angular displacement of the dipole axis from the mo- 
mentary axis of equilibrium 4,, which can take all possible directions 
in space. 


1 This is the opinion of many authors (cf. H. Frohlich, 1946). 
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(b) Coupling of the second kind. This coupling is due to the nearest 
molecule which at the given moment happens to be in the vicinity 
of the molecule being considered. We say that two such molecules 
form a transitory aggregate (a pair) According to the structure of 
the given molecules, these transitory aggregates can be nearly anti- 
parallel, when the minimum of the potential energy is in the anti- 
parallel orientation of molecules (S), or nearly parallel, when the 
molecular dipoles tend to parallel orientation (——»). The first case 
is assumed for nitrobenzene. It must be emphasized that in this theory 
the pairs are considered as not rigid; therefore such a pair has no con- 
stant resulting moment. 

The energy of interaction of two polar molecules is assumed to 
be of the same form as in the case of the coupling of the first kind: 


U,— —W, cos 0}, (24) 


O, being the angular displacement of the dipole axis of the molecule 
from the momentary axis A, of minimum energy. The only difference is 
that the axes of minimum energy (<A, in the first and A, in the second 
ease) have different properties in both cases. In an external elec- 
trie field the axis A, can take all possible directions in space with 
equal probability; whereas the axis A,, being itself the dipole axis 


of a molecule, is oriented in space in a quite different manner; owing . 


to this fact, different directions have different probabilities. Mathe- 
matieally this problem has been treated by the author by-an approx- 
imate method based on the calculation of the so-called „statistical 
perturbed averages" (Piekara 1939 b). 


(c) Coupling of the third kind. The form of the curves showing 
the reducing factors of the dielectric polarization and the Kerr effect 
(fig. 2), especially for higher concentration (an increase of R and Hj), 
leads to the assumption of the existence of a new kind of coupling, 
producing aggregates of increased electric moment. In the case of 
nitrobenzene these aggregates cannot be nearly parallel pairs of simple 
molecules, because of the particular structure of nitrobenzene which 
causes nearly antiparallel pairs to manifest their existence by a drop 
in the curves (fig. 2) for low concentrations. The fact that the increase 
of E and Rg takes place for higher concentrations indicates that bigger 
aggregates with increased electric moment are formed. We assume 
that these aggregates comprise two nearly antiparallel pairs, whose 
resulting moments y’ are coupled almost parallel. It will be shown 
that this hypothesis together with the assumption of the first and 
second kind of coupling is quite sufficient to give an account of the 
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general behaviour of the reducing factors, especially for high con- 
centrations. 

The exact calculation with this kind of coupling presents diffi- 
eulties impossible to overcome. Nevertheless, the most important pe- 
culiarities of the curves result almost exclusively of the two first kinds 
of coupling. Therefore the coupling of the third kind will be taken 
into account only in a very approximate manner, that is the transitory 
pairs of molecules will be considered as rigid with regard to the ex- 
ternal electric field and as having an average electric moment wp’. 
The mutual potential energy of two such pairs is expressed by a for- 
mula similar to (24), viz l 

U,= —W, cos 6,. (25) 


Moreover, the resulting moments of these pairs are subject to 
the coupling of the first kind, like the single dipole molecules in liquids. 

In the following section, formulae for the reducing factors for 
electric polarization (R), the electro-optical Kerr effect (Rx) and elec- 
-tric saturation (Rs) will be given; they were computed by the author 
in the paper (1939 b) mentioned above by the assumption of two kinds 
of eoupling. The magnetie birefrigence, which has not been taken 
into account in the above paper, will be treated with more details 
in Section 6 of this paper. 

Further development of this theory, the application of the cou- 
pling of the third kind and the comparison with experiment will be 
the subject of the remaining sections. 


$ 5. The reducing factors for electric polarization, 
electro-optical Kerr effect and electric saturation. In the 
first part of this work, in Sections 3, 4 and 5 formulae have been 
computed for the molar constants pi. Kz and S7 of the above-men- 
tioned phenomena, assuming the local field to be either of Ube Lo- 
rentz or of the Onsager type. 
These formulae have been quoted in Section 2 of the present 
paper as formulae (19), (20) and (21). If the values of the coefficients 


: 2 
g and r corresponding to the Lorentz field [ec and 0) or to the 


Onsager field Ee T and T 
tions, the Lorentz- Vaspye or the Onsager-Debye formulae are ob- 
-— tained. 


| are substituted in these equa- 
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In the calculation of these formulae in Part I of this work the 
statistical mean values of cos@ and cos?@ have bean obtained on 
the assumption that the molecules are completely free and therefore: 


eos © =F e+ 
; (26) 
cos = = + att ‘ 
where 
nud gst Des 
Jr Tid 


u* and F* are determined by the formulae (54) and (55). It turned 
out however, that the numerical values of the molar constants (X3) 
were different from 4,X7 and therefore the „experimental values“ 
of the reducing factors R, Rg and R, were calculated by formula (18) 
(these values are represented graphically by the diagrams in figs 1 
and 2). This would correspond to introducing empirical coefficients 
R, Rg and Rs into (26) as coefficients of x, x2 and a? respectively. 

These coefficients have been calculated in the author's former 
paper (1939 b) on the assumption of the existence of the first two 
kinds of coupling forces. The so-called „statistical perturbed averages“ 
must be used instead of the usual statistical means: 


MS 8) = oR R, (28) 


M (cos? 8*-i Zy 2? Rg. i (29) 


kT kT 
not influence the results. The reducing factors E, Rg and Rs, fulfilling 


relation (18), are expressed by formulae (16), (33) and (41) of the above- 
mentioned paper and so the „theoretical values of the reducing factors“ 
are obtained. These formulae have a rather cumbersome form; a more 
suitable form may be obtained as follows. 

. Denote by F(Y) a function of y, and y, where y, and y, are, as 
previously, the energies of coupling of the first and second kind re- 
spectively, expressed in kT-units. Introduce the following symbols 


mr 1 
FY) =P= Fonty) moe LT 3, 


The fact that now «=4 LE (in the former paper r=) does 


ET 1 
F(Y) =F =p nt Ya) + e Fn— "4s 


FDP =F Fut y+ pP erar FU 


E F(Vy?+y), (30) | 
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and make use of the following mi bitters functions 


L(Y)—L-— etgh Y-y, 


P(Y)-P—1—33, 


san-«-57 (2-55 21), 


S(X)— 8—1—3l m, (31) 


L 
E ues, 
E*(Y) -s-sp 1—AI 3144 4L y0D7—1)* 63; A 


ex-c-ss (o 2—3 7) 


Then the reducing factors E, Eg and E, pun in 
a relatively simple form, as follows: 
(1) Electric polarization, (a) when nearly S niparafict coupling of 

he second kind is assumed 


2 -s 1—17 - 
LR a, (32) 
| v LEE 
b) on the other hand im the case of near parallel coupling odd 
[tanpe Har AR na ise obtain e i i A 


432a) — 
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(3) Electric saturation effect, (a) in the case of nearly antiparallel li 


coupling Med LS E: 
R*—2RkyS —9RS (34) 


Tr j 


fas 


(b) in the ease on nearly parallel coupling 


EN 9 RS (342) 


Jet 


where R and Rg are to be calculated from the preceding formulae for 
the proper type of coupling. The calculation of the reducing factors 
from the formulae given above is rather cumbersome. For the sake 
of facility all necessary functions have been represented graphically 
in fig. 3, from which values for the required Y's(—94-- y», OF 5 — 91; 
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Fig. 3. Graphs of the hyperbolic function used. 


or Vy2+ 93) may be obtained by interpolation. This interpolation has 
been performed from large graphs drawn on milimetrepaper yielding 
an accuracy to the third decimal figure. On this basis the reducing 
factors have been calculated according to formulae (32) to (34a). 
Graphs representing the reducing factors as function of y, for different 
values of y, are represented in fig. 4—9 2. 


* In these figures and in Fig. 10 the symbol — stands for and in Figs. 6 
and 7 K stands for K. ; 

Corrigendum to Fig. 3 and 4 of my paper 1939 b: the figures on the axis 
of abscissae should be multiplied by 10. r ; ; 
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An interesting phenomenon can be seen from the curves in fig. 4, 
viz. the cooperation between the coupling of both kinds, which when 
acting separately diminish the reducing factor. On the other hand, 
when both kinds of coupling forces a 
act simultaneously they help each |" 
other if they are weak couplings; : 


LA LA 

ve 
oa 
WAV 


4s 
o 


ware) 
Fig. 5. The same dependence R(y,) 
as in Fig. 4 but for neary parallel 


Fig. 4. Dependence of the reducing fac- 

tors for the electric polarization on g; 

dor nearly antiparallel coupling and for 
different values of gi. 


coupling. 


ln a Em E B Sd 
ia d E Re e rd 
WEBER. ZH 


Fig. 7. Reducing factors Rx as in 
Fig. 6 but for nearly parallel cou- 
pling. 


Fig. 6. Reducing factors for the electro- 

optical Kerr effect as functions of y, — 

for different values of y; nearly anti- 
LAS coupling. 
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stronger couplings begin to disturb one another, causing an increase | 
in the reducing factor. This effect appears to a much higher degree 
in the graph of the reducing factors Rg and Rs, as shown by the sets 
of curves in figs 6 and 8. We ean conclude that the coupling forces 
of the first kind tend to separate the molecules linked by coupling 
forces of the second kind. 

In the case of nearly parallel coupling the cooperating coupling 
of the first kind causes only a considerable diminution‘of the reducing 
factors, as shown in the graphs in figs 5, 7 and 9. Besides the curves 


Fig. 8. Curves showing the reducing Fig. 9. Curves showing the reducing 
factors for the electric saturation factors for the electric saturation 
effect; nearly antiparallel coupling. effect; nearly parallel coupling. 


for y,— 0, 0,5, 1 ete. there are some curves for varying values of y,, 
viz. for y,— ay, (broken lines) and for y,=1-+ ay, (dotted lines). 

One more distinctive feature of nearly antiparallel coupling must 
be noted here, namely, the reducing factors of the eleetro-optical Kerr 
effect and electric saturation become negative if the value of y, alone 
has a sufficiently large value. This means that when the coupling of 
the second kind is sufficiently strong both the Kerr effect and the 
electrie saturation effect change their sings. a M 

The mechanism of these phenomena may be explained as follows. . 


Suppose that the electric moment of the molecule lies in the direction 


of the axis of highest polarizability. In this case the Kerr effect is 
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positive, i. e. the Kerr constant g4,A"-0, as is to be seen from for- 
mulae (3) and (4). When a sufficiently strong antiparallel coupling 
appears, the resulting moment of a molecular pair becomes perpen- 
dicular to the axis of highest polarizability and the Kerr effect be- 
comes negative. The possibility of such a change of sign of the Kerr 
effect was mentioned by Briegleb (1937) in his book. Inasmuch as 
this phenomenon does not occur in nitrobenzene, it may be assumed 
that the energy of the coupling of the second kind is not high enough, 
but it is quite sufficient to produce the ,,inverse saturation effect“, 
. Which has really been observed in the case of nitrobenzene for sufti- 
eiently concentrated solutions. 

The mechanism of the inverse saturation effect is more compli- 
cated, in conformity with the more complicated character of for- 
mula (34). This formula contains two negative terms. The first one 
—2R&BS' , is negative only for Rg- 0, since the function S is always 
negative. Thus, the first contribution to the inverse saturation effect 
eonsists of the negative Kerr effect. In this case both dipole moments 
of a molecular pair tend to become perpendicular to the external elec- 
tric field. This circumstance causes an increase of the dielectric con- 
stant instead of a diminution as in the-normal saturation effect. 'This 
eontribution, however, cannot take place in nitrobenzene because of 
the positive Kerr effect. 

The second contribution to the inverse saturation effect is con- 
nected with the term —9RS’ which is always negative. In the case 
of nitrobenzene solution this term can exceed the two preceding po- 
sitive terms only in the case of a highly concentrated solution. It seems 
that the mechanism of this contribution to the inverse saturation 
effect may be represented as a ,closing of dipole scissors". The scissors 
are formed by two dipoles momentarily linked together in a nearly 
antiparallel pair. The resulting moment of such a pair, and the mo- 
ments of the individual dipoles have a tendency to be oriented par- 
allel to the external electric field. Thus, the ,,scissors“ slightly ,,clo- 
sed“ produce, statistically, a small increase in the resulting moment 
and in consequence a small rise of the dielectric constant of the liquid, 
i.e. an inverse saturation effect. 

Returning to the case of nearly parallel coupling, the reducing 

factors tend asymptotically to limiting values when y,=—0 and y, co. 
These limiting values are: R=2, Rg=4 and R,=8. This means that an 
extremely strong coupling ES in the liquid N/2 pairs each having 
a double electric moment; since y,= 0 these pairs 155, be considered 


j " 
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as free. Under such conditions the formulae of section 1 can be applied, 
yielding the above limiting values. For instance 


(24)* 


UNCIAS 
Sm - az lasem tN BET SES 5.55". 


The first traces of such an increase of the dielectric saturation 
effect would be expected in dilute solutions of alcohols in non-polar 
solvents. Hitherto such experiments have been lacking, however. 


§ 6. Reducing factor for magnetic birefringence. The 
Cotton-Mouton constant is defined by the formula (92) in Part I of 
this paper: 

Ry —Rx 


(m= =a 


(35) 
The molecular refractivities Ry and Rx are expressed by formulae 
similar to these for Rg and Rx in the Kerr effect (v. Section 4 of Part I 
of this paper): 


re i 2 dd tame 
pi 3 NM(yg) and Ry— > NM(yx), (36) 
where 
M(yg)* = 6, + (b — b) M (cog 8)* | (37) 
and M(yx)* = 4(b, + bj) —4 (b, — b) M(cos? 8)". 
Hence 
Qm— 2x N TEL ECS 0)* -3| (38) 


Thus, the calculation of C7 is reduced to the calculation of the per- 
turbed statistical average M(cos? 9)*. 

This average can be calculated by methods similar to those used $ 
in an earlier paper by the author (1939 b). The essential difference B 
is in the expression for the potential energy of the molecule which, 
when an external magnetic field is applied, has the form 


U — —W cos 0' —1(e5—0,) H? cos? 0, (39) | 


where 6, and «€, are the components of the magnetic polarizability of 
the molecule in the direction of the axis of symmetry and in the per- 
pendicular direction respectively; other symbols are defined as in the 

above Guoved paper. Denoting for brevity | 


er ud = | 
a = 2 BS, | (40 
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we have 


cos? Q y cos B+ x’ cos € 
M(cos? O) = — M?(cos? O) 
gU cos B+ x’ cos 8 (41) 


+ a’ (M? (cost 8 — [ M. (cos? 0) 4- ... 


The perturbed statistical average AM(cos? O)' may be obtained by 
first calculating 


EN. LM c cu d eS A 

M® (cos? 6)* = 1-3) M (cos? "Due + [1-1-3 Y |, 

M*(cos* 9)* = 3 (42) 
E zz 1 8L I? 

LM? (cos? O9)? -41—57 t wa 


then inserting these expressions in the formula 
Micos 0)* = M*(cos? 0)* + a' (M*(cos* O)* — [M* (cos? 8)?*) (43) 
and applying the very essential condition, valid both for nearly ‘par- 
allel and nearly antiparallel coupling, 

M (cos? 0)“ = M(cos? DD». 
we obtain finally 


~~, 1,45. 
M(cos? 9)* = dns Rom, (44) 
where e 
Rou = 183 (45) 
Introducing formula (44) into (38), gives 
2 : 
n = 2n N ABET (bz bi) (C3 — &,) Roy=22 NO, Rou. - 


Thus, Rc, expressed by (45) is the reducing factor of the magnetie 
birefringence for both nearly parallel and nearly antiparallel coupling. 

Curves showing dependence of Rom On ys for different values 
of y, are represented in fig. 10. The increase of Rey for y, = const. 
and its asymptotic approach towards Rey =2, when y,=0 and y4— co, 
will be noted. The sets of curves both for y,= ay, (broken tines) and 


9* 
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for y, —1-- ays ( 
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| 


dotted lines) show that the coupling of the first kind bs 


diminisnes the reducing factor of the Cotton-Mouton effect as we 


up 


Fig. 10. Reducing factors for the Cotton-Mouton effect for both nearly 
' parallel and nearly antiparallel coupling. 


as the reducing factors of all the other phenomena of molecular orien- 
tation. 
/ 

.8 7. Relation between coupling energy and concen- 
tration. Reducing factors computed in the foregoing paragraphs 
depend on 4, and y,, i.e. on the coupling energy of both kinds ex-. 
pressed in kT-units. Coupling of the first kind is present in infinitely 
diluted as well as in concentrated solutions and pure liquids. Never- 
theless y, depends on the concentration of the solution, but this de- 
pendence is very slight compared to the dependence of y, on the con- 
centration of the solution which, as will be seen, is extremely intense. 
Since in a dilute solution the molecular dipoles are very distant from 
one another, there is only a slight probability of their coming close 
together and therefore the mean value of the coupling energy of the 
second kind (y,) is small. With increasing concentration the values 
of y, must also grow considerably; the relation y,(») then becomes 
the predominant one. On the other hand, with regard to y,, compar- 
ison of the theory with experimental results (v. $ 9) shows that it is 


possible to assume a constant value for y, for all concentrations of 
the solution. 
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The precise computation of y, is, strietly speaking, impossible. 
The value of y, depending on the distance between the molecules r 
should be taken into account by the determination of M(cos™@)*, 
a procedure which would extremely complicate the theory and re- 
strict its application. Besides it would not add anything essentially 
new, for in the phenomena of molecular orientation the deciding factor 
is the influence of the external field on the angular positions of the 
molecules, and not on their distances apart?. Therefore in the deter- 
mination of the statistical perturbed average of the function cos" (O9 
a certain mean value for y, has been used. Now, its relation to the 
concentration must be approximately determined. 

The experimental evidence shows that it is sufficient to assume 
that the coupling energy W, in case of a nitrobenzene molecule pair 
is of the form j?/r. The energy of coupling W,, used in this theory, 
should be understood to be the mean value of the expression j2/[r? 
determined from all double molecular aggregates actually occuring: 


W= r>; (46) 
therefore ó 
u? a= wet 
Va— RS (47) 


Now, the mean statistical value: r-? must be determined. 

Let us imagine that in the solution of a polar liquid of concen- 
tration n in a non-polar solvent (n — number of dipole molecules in 
unit volume of the solution), the molecular dipoles are situated in 
regularly spaced positions. If every molecule were enveloped by 
a sphere of a radius o such that it would touch all the neighbouring 

spheres, then such a collection of spheres of maximum density would - 
fill 749/, of the whole space. The radius o can be determined from the 
equation i j 


: 
e n=0,74, 
hence 
0,561 
OF —3 


8 The relation between the energy of coupling and the distance apart, and 
form of the molecules was taken into account by R. Fuoss (1934) but complicated 
the theory to such a degree that it was only possible to determine the polarization, 
and that’ only subject to narrow restrictions. Besides Fuoss did not take into 
consideration the coupling with the solvent. On account of these and other causes 
the comparison of his results with the experiments made by Professor J. Rayski 
- (unpublished), did not turn out favourably. 
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The distance between neighbouring molecules is therefore 


R= : (48) 


If the molecules are now let loose some of them will change 


places because of their tendency to disorder. It is evident that every . | 


molecule has a nearest neighbour at every moment. Such a pair of 
molecules wil be termed simply a „double aggregate" or a „pair“ 
assuming that the ,pair^ is not regarded as stable and still less as 
rigid. 

Let r be the distance between the two molecules of the pair; 
and assume that r can vary between a certain minimum value rọ and 
a maximum value A. Assume further that the formation of groups 
consisting of more than two molecules is so rare that it need not be 
taken into account. This last assumption is particulary justified in the 
case of nearly antiparallel coupling, since a quadrupole has a field 
of very short range and does not attract a wandering dipole with as 
great a force as a single dipole. 

Let us consider a certain molecule ee nearest neighbour can 
move between two concentric spherical surfaces of radii rọ and R. 
Let the dipole of one of these neighbouring molecules make an angle 
©, with the axis of minimum potential energy passing through the 


axis of the dipole of the other. Both ‘this angle and the distance v - 


between the molecules change their values continually in space and 
time. The probability that the distance separating the molecules has 
a value between r and r--dr and that the angle between the two mol- 
ecules lies between 6, and 6, --dO, is then 


lu 
Ae *T Anr? dr: 2x sin O, dO. (49) 
The coefficient A can be determined from the condition that 


the probability of forming a couple with a distance separating the 
molecules between r, and R is equal to 1, i. e. 


wh pn Se ME 
1— 8224 fr dr fe *r sin 6,a6,. 
f To 0 d 
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Thus, the probability of forming a couple with a distance separating 
the molecules between r and r+ dr is 


r? dr fe kT sin 05d, 


2 0 
PEF 7 " 


(50) 
fe dr fe kT sin 0440, 


To 0 


The number of pairs dn’ whose constituent dipoles lie between r and 
T-J-dr is then 


(d 
dn’ = 5 p (51) 


These formulae allow us to determine the mean value of r~: 


R 


E f* e XT sin 9,00, 
LaTe : 
Pas fren = o_o (52) 
redr fe sin 9540; 
To 0 


Consequently from formula (47) the coupling energy y, may be de- 
termined. 

In the case of nitrobenzene we have assumed that the molecules 
have a tendency towards nearly antiparallel coupling; for this sub- 
stance the energy of an aggregate of two molecular dipoles is expressed 


by the formula 
2 


u = — 5 cos Ôh, (53) 


provided that the distance r is not very much greater than rọ. Under 
this condition, if the shape of the molecule is elongated (as in the 
ease of nitrobenzene), there is a tendency to nearly antiparallel cou- 
pling. On the other hand, for greater distances the coupling may differ 
from the nearly antiparallel type and the energy should be expressed 


by a more general formula. But then the Boltzman factor e a7 has 
a vary small value compared to its value when r approaches fo. 
We may employ for this factor the expression 
. r p 


eT" cos Og. 


Although, strictly speaking, this expression applies only in the neigh- 


` bourhood of the lower limit of integration the error in the value of 
4 


Í 
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the integral in (52) introduced by this simplification will be very small f 
since this value depends chiefly on the magnitude of the integrand b 


in the neighbourhood of r—,. : | 
Thus, combining formulae (47), (52) and (53), we obtain | 


R ae: 6 
dr f^ oso 
fF er sin 9, dO, 
$ ! 
74 To 0- 
Y2 R 7 ` 
, 2 cos @, — 
i 7? dr ip er sin O, dO, 
To 0 


Wea E (54’). 


(54) 
where 


The integration with respect to ©, can be accomplished immediately 


yielding 
R 


M wt 
res sinh — dr 
r3 


LECT pou eme (55) 


: a 
f "sina = dr 


To 


Both integrals have been calculated graphically. For nitrobenzene 
(u=4,23 x 10-8) at 2939 K a=0,443 X10-?.. The only arbitrary con- 


- PETTITT it ti tt 


ERE EERB2anue a 
a ed a PESE p 
| M0'- r'sinh-S dr LET | L10*0443-10 
an). h HHHH P*46 À 


LA 
4 6 


Fig. 11. Graphs of the integrals appearing in formula (55) as a function of the upper 
limit R. 


stant appearing in these integrals is rọ To obtain agreement with 
experiment it was assumed that rQ—4,6 A. Considering the fact that 
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the diameter of a molecule of benzene is about 4,1 A (Stuart 1934), 
which means that two benzene rings are able to approach each other 
to within that distance, and further that in liquid Dii obenzene 


(n=5 ,88 x 10%) the average intermolecular distance is R=1 22a — 
=6,22 A, then the assumption r,—4,6 A seems to be a reasonable one. 


6 o 4022 


Fig. 12. Variation of the coupling energy of the second 
kind with the number of molecules per e. c. 


Both integrals of expression (55), calculated on the above as- 
sumption, are represented graphically in fig. 11. Using them the cou- 
pling energy y, can be calculated for different concentrations m (see 
formula (48)). The relation y4(n) is represented by the curve in fig. 12. 


§ 8. Comparison with experimental data. First, we shall 
compare the results of the theory with experiment in two limiting 


cases, viz. 
(1) On the assumption of the existence of a coupling of the first 


kind only, 
(2) On the assumption of the existence of a coupling of the second 


kind only. 
In the first case (y,2-0, 9,— 0) the formulae for the reducing 


factors take the following form 


R—1—LD, (Fowler 1935, Debye 1935 a), (56) 
Re- K(y,)=3|2—3 zd (Friedrich 1937), | (57) 


! B,— R* (y,) =3 s[i- AD + 308447 xen. a (Debye 1935 b), (58) 


i Fou — C()— s (2- 37] (Piekara 1939 a). (59) 


These factors are represented graphically in fig. 13. On comparing 
them with the experimental values calculated on the basis either of 


mm 


the Lorentz or of the as ar field (figs 1 and 2) we do not pupaza 
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any resemblance at all. The differences in the charaeters of the curves : 
are very striking: R, does not change sign, as the experimental results | 
require, and the curve for Rey falls instead of rising, as is the case | 
with the experimental curve. 

In the second limiting case in whieh coupling of the second kind 
(nearly antiparallel) alone exists, we have 4,— 0, y,-0 and the re- 
ducing factors amount to 


k=1—L, (60) 
L 
Rgpe2—8-— 21 (61) 
Va 
L 
kal eremi S PU UNT (62) 
2 


ia 
The corresponding eurves are represented in fig. 14. We see that the 
curve for Roy is rather similar to the experimental curve and that Rs 
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Fig. 13. Dependence of the re- Fig. 14. Dependence of the reducing 
ducing factors on y,, expressed by faetors on y,, expressed by formulae 
formulae (56)—(59) when y,— 0. (60)—(63) when y,= 0. 


changes its sign. On the other hand the change of the sign of Rx is — 
not in agreement with the experimental results. P 

From both these limiting cases we may now proceed to the gen- | 
eral one, i. e. to the simultaneous existence of both kinds of coup- 
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ling. It has already been pointed out in & 7 that the dependance of 4, 
on concentration is rather slight. Assuming y, to be constant and 
equal to unity and applying the general formulae for the reducing 
factors (32), (33), (34) and (45), we obtain the curves represented in 
fig. 15. At low concentration these curves correspond more closely 
to the experimental curves with the Lorentz field (fig. 1), than the 
curves in both limiting cases discussed above. But for higher con- 
centration, the same differences between the theoretical and the ex- 


Fig. 15. Dependence of the re- Fig. 16. The same reducing factors 
ducing factors on yz, expressed ` as in Fig. 15 calculated on the as- 
by formulae (32), (33), (34) and sumption that y, (now denoted by 

| (45) when y,=1. y,)=2. The interval of variation 


of y, reduced to (0— 3,2). 


perimental curves occur and these differences cannot be altered by 
changing the dependence of y, on m. 

We should inquire then, whether or not there is any similarity 
between the theoretical curves in figs 4, 6, 8, 10 and the experimental 
ones based on the assumption that the Onsager field (fig. 2) exists. 
For this purpose set y,—2 and reduce the interval of variation of y, 

so that y, shall not be greater than c. 3,2. The curves represented in 
. lig. 16 are then obtained. (All the reducing factors hitherto used and y, 
will be denoted now with a dash to avoid confusion with the same 
 faetors to be introduced in the next section) If we now take into 
account the relation between y, and n (v. formula (55), curve fig. 12), 
the curves shown in fig. 17 will be obtained. Between these and the 


| Onsager curves of fig. 2 a similarity exists for very low, but disappears 


Í 
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for stronger concentrations. This circumstance suggests the existence 
of a third kind of coupling. The tendency of the experimental curve 
for Roy to rise shows that this new kind of coupling leads to the pro- 


Fig. 17. n-dependence of the same reducing 
facters as in Fig. 15. 


duetion of larger aggregates with increased moment; this latter state- 
ment is proved by the fact that the curves R and Rx rise instead 
of falling. In the following we.shall assume the existence of aggregates 
of two pairs (cf. Section 4). 


§ 9. Third kind of coupling and eomparlson with ex- 
perimental results. The theory of coupling assumes that all 
the molecular dipoles of the solution or of the pure liquid are coupled 
in pairs. A certain mean value of the coupling energy y, corresponds | 
to each pair. Besides, each molecule is subjected to the coupling of 
the first kind with a value of the coupling energy yi. Owing to the 
diagrams in fig. 4, 6, 8 and 10 we are able to determine the re- 
ducing factors E', Ex, R, and Rom by which the molecular constants 
of the gas or vapour has to be multiplied in order to obtain the cor- 
responding constants of the liquid: 


E pres Pär. R’ 1 

pens id (64) 
Km — EUH etc. 

The polar liquid or its solution consists in the given scheme of 

.an assembly of dipole pairs. In what follows these pairs will be treated 

in the same manner as the molecules in the preceding sections, which - 
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will, of course, give only a rough approximation to the real conditions. 
We shall denote the mean energy of coupling into double pairs by Y. 
The single pairs are also subject to the coupling of the first kind with 
a coupling energy which we shall denote by yj. For every pair of va- 
riables y; and y, we calculate the corresponding reducing factors 
R”, Ex, R, and Ecy. If the pairs are coupled nearly parallel as was 
ÉExumed for the ease of nitrobenzene, the reducing factors must be 
found from the diagrams in fig. 5, 7, 9 and 10. 
Finally, the molecular constants will be given by 


pe. pap pa DP. p. Ree 
ees | gues | (65) 
Kn SOC T ie ee | Ag: Hg ete. 
. pie 
and the reducing factors for the molecular constants jeu dip ete. 
gas 
will be 
R =Z RRA 
Rg = Rg Rk, 
PERUR (66) 


Rou= Roy: Rom- 


As in the case of y; we neglect the variation of y; with concen- 
tration in comparison with the strong n-dependence of y,. It remains 
to calculate the latter. 

In order to calculate y, as function of the concentration we must 
make our simplified scheme somewhat more precise. A solution con- 


taining » dipoles per c. c. consists of > pairs. Some of these pairs 


are very slightly coupled, others so strongly that they may be re- 
garded as rigid, but the coupling of the third kind can only take place 
between pairs which are ,,rigid enough“. 

Now, the number n’ of these „rigid enough" pairs per c. c. of 
the solution will be calculated. A ,,rigid enough" pair will mean a pair 
both of whose molecules are separated by a distance not greater than 
a certain r’ and whose axes include an angle not greater than 65; 
moreover a feti r’<R, where E is determined by formula (48) and 


0<@, < — z 


by a method similar to that used for dn’ in (51), expressing p by for- 
mula (50). This gives: 


4c 


Calculate the number n’ of the ,,rigid enough" pairs per e. €. 
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r 85 


pe ar f i sin 0440, | 
0 i 


pee To 
2 


wu 


R 
fra fem sin 94d0, (67) | 


0 
n A 


par 
f^ sin h pir 


To 


13 


where A is a certain constant. 

Assume now that two „rigid enough“ pairs are able to unite 
only when approaching one another to a very small distance and neg- 
lect the volume of the molecules and the Boltzman factor (which 
cannot play a significant part in the case of nearly antiparallel pairs, 
i.e., of pairs with very small resulting moment). Then the probability 
p' of forming a double pair can be considered to be proportional to n’: 


p'— Br’, (68) 
where B is a constant independent of the concentration. If the number 


of ,rigid enough" pairs is increased by dn', the number of double 


pairs n” increases by 
dn” = Bn' dn’ 


and hence 
n =4 Bn”. (69) 


The mutual energy of two „rigid enough“ pairs coupled into 
a double pairs is expressed by formula (25): . 


U,— —W, cos 6,, 


where W, is the energy of coupling of the double pair. The whole 
energy of coupling in double pairs for all molecules attains therefore 
the value of W,n’’. In a solution of n dipole molecules per c. c. there 
exist z more or less strongly coupled pairs. If we imagine, as in our 
simplified scheme, that all the pairs are subjected to a coupling of 


the third kind, i double pairs would de created and for each pale 
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a certain mean coupling energy W, would exist, given by the for- 
mula 
Win" A? BW, n 


n 4 
4 (fe sin h — dr) 
T 


To 


This mean coupling,energy measured in kT-units is therefore 


BE sinh S dr) (10) 


A? 
nM is independent of the concentration. The experi- 


2kT 

mental results compel us to assume for € the minute value of 3,5 x 1 
and for the coupling energy of the first kind y1—1. With this value 
_of the constant C the variation of y, with the concentration n is re- 
presented by the curve in fig. 18. We see that in dilute solutions the 
eoupling of the third kind does not 
play any significant part and its in- 
fluence becomes apparent only at hig- 
her concentrations. The reducing fac- 


where C= 


0—108 


Fig. 18. Variation of the cou- Fig. 19. Reducing factors E", 
pling energy of the third kind Rp RY and Rey for double pa- 
with n. irs coupled in a nearly parallel 

way. 


tors R”, Rg, Rs and Rey taken from the curves in Figs 5,7, 9 and 
10 for yj—1 and for different values y; from formula (70) are re- 
presented graphically in Fig. 19 as functions of the concentration. 
Finally, the reducing factors R, Eg, E, and Rom being products of 


factors from diagrams 17 and 19, are represented in Fig. 20. 


J 
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The similarity of the theoretical curves in Fig. 20 with the exper- 
imental curves in fig. 2 calculated on the assumption of the Onsager 


Hi 
$: 
Eh 
Si 
2 
e: 
£i 
zj 


Fig. 20. Final results: reducing factors calculated on the assumption of the existence 

of a coupling of the first kind (yf —2), of the second kind (y, varying according to 

Fig. 12) and of the third kind (yj =l, ys varying as shown in Fig. 18). To be com- 

pared with the reducing factors calculated from experimental data assuming the 
existence of an Onsager local field, Fig. 2. 


field is evident. The following similarities and differences are of 
interest: 


(1) For an infinitely diluted solution (n= 0) the reducing factors 
obtained, which give the rate „of coupling with the solvent“ are re- 
presented in the following table 


Reducing factors of molar constants for n— 0 


| Experimental 
(Onsager's field) 


Theoretical 


Phenomenon 


Dielectric polarization 
Kerr effect 

Electric saturation 
Cotton-Mouton effect 4 


* The value 1 has not been calculated from the experimental value of the 
Cotton-Mouton constant gasO™ of nitrobenzene vapour (as such a value does not 


exist) but has been obtained by extrapolation of O™ of nitrobenzene in solution | 


for n= 0. It is hoped that the error thus introduced is only insignificant, 


3 
T 
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We see that the agreement is very satisfactory. It cannot be ob- 
tained when the Lorentz field is assumed (cf. the diagrams in Figs 1 
and 15). 

(2) For small concentrations the graphs of all theoretical curves 
are in rather good agreement with the graphs of the experimental 
curves: R, Rx, Rs fall, while Rey rises. 

(3) For middle concentrations Rom and Kx are too low com- 
pared to the experimental curves. On the other hand, there is a strik- 
ing similarity in the way curves E, Rg and R, cease falling and 
continue horizontally both in the theoretical and experimental graphs. 

(4) In the region of strong concentrations the theoretical curve 
Rx begins to fall slightly instead of rising. On the other hand the cur- 
ves R and R, are in accord with experiment. Especially striking is 
the similarity of the two curves R,, which are almost straight for 
most of the graph, and which give a change of sign of the ordinate 
for a concentration of about n = 5,2 - 10%. 

It is worth while to point out the fact that the agreement be- 
tween theory and experiment was obtained simultaneously for four 
very different phenomena. This was attained by a set of four con- 
stants, of which only three are completely arbitrary, namely Yi =2, 
y/—1 and €—3,5 x10—-8. On the other hand the fourth constant 
To = 4,6 A has a value restricted between rather narrow limits. 

The fact that the theory of dipole coupling leads to curves, which 
both by their position and their course show a similarity to the ex- 
perimental curves seems to indicate that the generalized Onsager’s 
conception of a local field represents reality better than the Lorentz 
field and that the coupling of the first, second and third kinds re- 
present rather well the character of the mutual intermolecular in- 
fluences between polar molecules in non-polar solvents. 

I take great pleasure in thanking Professor H. Frohlich for in- 
teresting discussions and valuable remarks. 

Note added in proof. The reducing factor for dielectric polarization of nitro- 
benzene was calculated by Oster (1946) from measurements of z, and d,, in nitro- 
benzene-hexane mixtures. He applies the Onsager-Kirkwood theory (Kirkwood 1939- 
ef. Frenkel 1946) in a form with a semi-empirical reducing factor called ‘‘correla- 
tion parameter“. This theory leads in the case of polar molecules in non-polar 
solvents to the formula (2) and (3) in Oster’s paper, which we rewrite using our 
notations, as follows 

Enl My 


3912 ids 


This formula is similar to our formulae (36) Part 1 and (19) Part II. The differ- 


ence lies in factors DLE , which is due to incorrect calculation of the mo- 
— "19 21,2 
10 


dip 
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ment of torque acting on a molecule in the original theory of Onsager (cf. Part I, 1 
p. 42), which has influenced the Kirkwood-Oster formula. Nevertheless, the general f 
behaviour of the reducing factor as function of concentration is in Oster’s paper £ 
similar to that in the present work (see Part I, Fig. 1 curve for k=1). A major n 
difference refers to pure nitrobenzene for which, according to Oster, R>1, while 
our calculation gives E 20,5. Oster concludes that nitrobenzene molecules, in 
spite of antiparallel association at low concentrations, show a tendency to parallel 
arrangement of their dipoles at large concentrations. This supposition, however, 
is inconsistent with the extensive experimental material presented here as well as 
with the assumptions of the theory outlined in this paper. 
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THE SELF-ENERGY OF SCALAR MESONS IN 
INTERACTION WITH NUCLEI 


By JAN RZEWUSKI, Physical Institute, Nicholas Copernicus 
University, Torun 


(received September 7, 1949) 


The meson self-energy is calculated using the scalar and scalar-product cou- 
pling. In the second case the self-energy operator contains derivatives of the meson 
fields. It is shown that this operator can be removed by changing the transforma- 
tion function from the Schroedinger to the interaction representation and that this 
change is equivalent to a change in mass, i. e. to a mass renormalization. 


In a series of papers Schwinger (1948, 1949) has shown, by means 
of a new, Lorentz-invariant formulation of quantum electrodynamics, 
that all the divergent integrals there encountered may be interpreted 
as either mass or charge renormalization effects. Kanesawa and To- 
monaga (1948) and Miyamoto (1948) have given the means by which 
to extend the Tomonaga—Schwinger formalism to other fields, e. g. 
the various meson fields. In all cases, however, where the interaction 
terms of the Hamiltonian contain derivatives-of the field operators, 
the renormalization is not as straightforward as in electrodynamics 
(Case 1949). 

- We shall investigate in this paper the simplest ease of charged. 
scalar mesons interacting with nuclei. There are two kinds of inter- 
actions possible, one of which contains derivatives of the meson field. 
This part gives rise to a self-energy operator which cannot imme- 
diately be recognized a8 a mass-renormalization effect. It can be 
shown, however, that up to the second order approximation we can 
remove this term by changing the transformation function from the 
Schroedinger to the interaction representation. This change in the 
transformation function is shown to cause a change in the mass of 
the meson. 
In the first paragraph we shall briefly derive a part of the for- 
malism already containéd in a more general form in the work of the 
Japanese authors. In the second paragraph we shall calculate the. 
self-energy terms of the meson field. Finally third paragraph contains 


the interpretation of the results. i 
1 


! 


10* 
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§ 1. The Interaction Hamiltonian. We start with a La- | 
grangean: | 
Leda In + Li, al 


| 


where i 


= ð = ə 
Ln =— Sy reges) vn Ven p) Be (3) 


Here m, n, i, N, P denote meson, nucleon, interaction, neutron and | 
proton respectively. 

Units are chosen in which h—c-—1. The notation for the spinor { 
field is exactly the same as in Schwinger's Part I. The two simplest 
invariants give the interaction term (Kemmer 1938): 


X dg* - ə 
Li = — p(s" + fre =| vs Serre A Yy: (4) 


g and f are coupling constants. The corresponding Hamiltonian is 
obtained by the usual methods. 


3t — 3t, +H, (5) | 


where 


Ho = Hn +Hm, (5°) 


is the sum of the Hamiltonians of the free particles, and 


E. 9g* _ e eum ce 
Hi — 99" Vu Vp bag PNY Yp iÍ Ya Vp 


uid op — : = = " (6) 
8*9 py Ps PPY Ynt IP py E ltl Py ah Ppa Yn 


is the interaction part of the Hamiltonian. 2, x* are the momenta 
conjugate to g*, p. The suffix ? denotes summation over the indices 
1, 2, 3 only. The Schroedinger equation is 


iE [Hea (7) 


We transform this equation to the interaction representation by means 
of the transformation: 


ar o | (8) 
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The new state function satisfies the equation: 


i = = elt { H —H,} e~it = H'O (9) 


where 


> > . > > ee: 
H= ftoi, H= f Hx) de. Hm fH (0,1) de. (10) 


The operators in the interaction representation are now time 
dependent and are connected with the time-independent operators of 
the Schrédinger representation by means of the formula 

> > 
0 (a, t) = 0 (x) = eit 0 (x)e— tot (11) 
H' is now the same function of the new operators as Ff, was of the 
old ones (6). From (11) and (5’), using the explicit expression for Jin: 


9g* 9g 2 
— d LUI CN in * 
we easily obtain: 
ni (m. > ; 
Per | ks 
a*(m)-—9 («) 


The H' in (9) becomes, therefore, simply 
d 9g* e ay 
, aS * PTE NUT E LS 
H CEENC. + Hy» EZ 9 fre se oy (14) 
MP Py ravp Ppr Yy: 


The transition from (9) to the Tomonaga-Schwinger equation 


. 0D[ a} 


is) = 9t'ó[c] (15) 


is as yet impossible because the compatibility condition for this equation 
$2 LAO m 
TAA : = TA AGO E TES — uy 0 16 
|; 6a(2) (x), 4 6a(x') + Hx ] or (£y, u) - ( ) 
is not fulfilled. In (15) and (16) o(#) is an arbitrary gpace-like surface 
through the point w, g[c] is a functional of this surface and 
. ód[c] - $[c'] — [o] - (17) 


= li 
EU oS M do 


In (17) o' differs from o only in the neighbourhood of ~ and w is the 
four-dimensional volume element enclosed by the two surfaces. 
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Kanesawa. and Tomonaga (1948) have given a very general 
method of dealing with such problems!. To H’ a term is added, de- 
pending on the point x and on the surface o through v. This term is then 
determined by condition (16) and by the requirement that it vanishes 
for o(x)= const. It proves, furthermore, that such a term brings the 
interaction Hamiltonian to an invariant form. In our case a simple 
but tedious calculation, carried out by means of the commutation 
laws given in the next paragraph, yields for the new Hamiltonian: 


Ps RS op* ze * * op 


—|fP py Yu Nu vp’ VpYv Ns Vy. 


(18) 


Here N, is the unit vector normal to ø at the point æ. For 
c — const. NV,;=0, N,=1/t, 
so that (18) goes over into (14), as required. 
$ 2. Meson Self-Energy. The first two terms in (18) corre- 


spond to virtual processes and, therefore, must be removed by a trans- 
formation. This can be done by means of the transformation j 


ó[o] > eSipoo] | (19) 


6S g* 9g | 
T Hils) = =pro kies 3) vet Ve [ro — Pye a): (20): 


If we denote 
SG[zo | — — |f pyu Nupp Ppr Nyy, (21) 


we obtain for the transformed equation (15), in the first order of ap- 
proximation: 
; à c 
Fag) laa Plo] = lacis) + ŽES Lo], Hil aloro) (22) 


We emphasize that (22) is an approximate equation insofar as it con- 
tains only terms proportional to the squares of the coupling constants. 
-All terms with higher powers are neglected. (20) may be integrated 
and yields 


S[s]— f Hile)do. (Qux) 


1 A different and simpler method has been given recently by Matthews (1949). 
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Now we are only interested in processes in which the final state 
is the same as the initial state. This is the case if 


f FG(x) dw — 0. (24) 


Condition (24) enables us to rewrite (23) 


S[o]=} ME Hla’) e[co'] dw’ (25) 
with 
e[oo’']=1 for o’ later than o’ 
i (26) 
e[oa]——1 , 9 5» 5 «Oe 


Denoting for simplicity: 


Ete datum (27) 
jv = Vu, Vp —)5 = VpYuUy 


and using (25), (21) and (20), we may write down the new Hamil- 
tonian occuring in (22) explicitly: 


Ce AED N, 


gp* v' + g*o E x NE a. ie ? (28) 


T 
a 


gore d ovt fe Fiat fae © je ofa" de. 


The primed quantities are taken at the point 2’. 

To evaluate (28) we need commutation rules for the operators. 
According to (11) the operators in the interaction representation sat- 
isfy the force-free field equations. The commutation rules are, there- 
fore, simply the well known rules for free fields: 


vi A CR Piu dete Tenor 
{va Whe} = F Sale = ero) mM 
(ve(2) Pha} — Sele), {a,b} = ab ba, (29) 
[o(a), e*(2*)] = Lo*(2), (2^) = $4(z— 2). 


All other quantities either anticommute or commute. With the help 
of (29) we can write (28) as follows: 
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Hizo] — |f je NN 


x: jJ, UNET o]— 1A(a—a') (v¥0' + 00*')) (ag) | 


2 BAE) en a Noo dodi 
== WP (Sea Fein i Jul CE i "Or sili ra DE )Jistes ]do 1 | 


We have omitted the mixed terms proportional to f*g or fg* respec- | 
tively because they give no contribution if x, is assumed equal to xp, | 
as may be easily shown by calculations similar to those which follow. 

(30) describes all second order processes in which the final state 
is the same as the initial state. We are, however, interested only in Í 
meson self-energy and, therefore, in processes in which the initial | 
and final states consist of one meson and no nucleons. We call that T 
part of (30) which gives a contribution to these processes the one- 
meson part of H[xo] and denote it by (Jt[zc],,. Terms which do not 
contain the meson field operators drop out. In the remaining terms | 
we have to take vacuum expectation values of quantities containing } 
the nucleon operators. Thus | 


(Jit[«o ]) Jiu 


-- oo 
- ‘st f Me mee torta e etm Lo jates'ddo/ 
me | (31) 


UB fi Ree ctis p + SE SCL, ieDopel Id 


— OO 


Here (9*"g9),—(e"9—€e" g»9. This means that in (31) we have 
singled out the one-particle effects by subtracting the possible non- 
vanishing vacuum effects. The commutators in (31) can be evaluated 
by means of (29) and (27): 


, 1 m $ = Li 1 
[v o*] == (yy Sur —#) Py — p Sy (10—2') pp} 
i pel | E (32) 
[jo 24] =r (Pera Sy (2 —4) yo Vp — Pn Yo» 85 (7 — o) Yu yl 


The vacuum expectation value for the bilinear form oceuring in (32) is 


Ge vao = + SG geet A ia . . (S990 
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with 
SO (e—2') = "3. =x) 4 ty") (34) 
where 
AC —4(A +14) (85) 
Ale) - — s f otter ó(K;, + x3) e(k) dk (36) 
49 (2) = eg f "n i ma (37) 


e(k) is +1 or —1 depending on whether k, is positive or negative. 
From (33), (34) and (35) and assuming for simplicity xy— xp-— Xa 
(this assumption makes no essential change in the formulae) we ob- 
tain for (32) 


(1) 
Mo.) = ail = — a AM (o — an) 


(38) 
Se 44" J(a— a) 


$ 24-2549 . 34934 aA aa 
m4 “k c n . Aat CP E Y e 
Us 4s Om, | Oa» a0, © [cs 9r, 


From the properties of the A — functions it follows that: 
K[o* v]»o = KIv' v* Too 


Mo. os My (39) 
NE jul>o =F (D»34]2o 
and (31) becomes: 
+ co 
, 2 
(Hiro = EE. fewo son Moo Foo nade 
s IF. feas doo] o ("y Fog" aed 
(oU PRI d: 92,92, É 
pee (40) 
+ co 
= 9/7 [OA @ e+ oo ade’ 


+ co 
2? + 1 , 
«Iff fas (p*'g + 9'9*)uudo . 
u 


The functions G(4) and F(A) are determined by (38). We are, however, 
not interested in their explicit form. The important fact which can 
þe easily shown, is that they are functions of the scalar 


e (user (41) 
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It may also be noted that F(A) has the same form as in the problem 
of the foton self-energy. This is plausible because of the similarity 
of the problems. 

To get the final form of our expressions we expand (40) in a Fou- 


Hn 
J G(4)g(2") doo! = faw) qua) el m9 ag. fow k’) e P ak’. 
(O — xmp = 0 


Because of 


and because of the integration over 2’, 


we have 


and, therefore, 


G zx A iku% ’ 
f estas TT. faite OT = G(—xm)e(z). (42) 


Analogously, 


frase T Mr HR (43) 
ox x 
It is understood that G(k?) and F(k?) are the Fourier transforms of 
G(A) and F(A) respectively. 
Using (42) and (43) we finally obtain 


(St [xo], = = Igi? G( G(— xx) (p*o + 99*)u 


99* Op , 9g 99* (44) 
riis E Su," Bug Om, a 


§ 3. Interpretation. The first term in (44) can be considered as 
a mass renormaliation factor in the usual way (Sehwinger 1948). The 
same procedure, however, does not apply to the second term because it 
contains derivatives of the field-operators. It seems impossible to re- 
gard this term correctly as a mass renormalization factor. We must 
remember, however, that the whole procedure is valid only to terms 
of the second order in the coupling constant. It is sufficient, there- 
fore, to find a procedure which enables us to regard the second term 
as approximately a mass renormalization effect up to terms of the 
= order |f]. We must of course assume that the divergent integral 
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F(—xz,) is in some way cut off and, therefore, small. Under these as- 
sumptions if we write the second term of (44) in the form 


(99* 9 
Has, Behe AR 
we may regard the dimensionless constant 
e =2|f| F(— 4) (46) 
as small. 
We can now rewrite the Hamiltonian (5) in the following way: 
Hm + Hi =H + Hs 4- 9t; — H (47) 
with 
dy* dp € 


T. (48) 


We drop the nucleon Hamiltonian Hn because it does not play any 
role in the following considerations. Instead of transformation (8) we 
now use í 


| die LAN E (49) 
which yields i 
To pese ATS PRORA (50) 
and 
30 : 
ue = ifH, + H,, 0(z)]. (51) 


With (12) and (48) this gives, for the new time-dependent operators; 


in Iff: 


dli pec 


Oy 1 aho 2 

— ss — H —— = A — m 52 
2 9g* om 

and analogous expressions for 7 and 2 


From (52) we get the equations of motion 
2 


with the new mass 
Xm 


he 


The transformed interaction Hamiltonian becomes, up to terms 


j 
v 7 2,99* 9g 
—|fP Py Yu Nap Pp re Novy —2IfP FC— 5m) s a 


s 3g* | 8 
9t'[vo]— y y (o+ fy» £] Ppt Vp (e-r a 


(54) 
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The commutability of this expression on two space-like points is also 
valid only approximately up to terms of the second order in the cou- 


pling constant. 
(53) shows that E ex may be regarded as a mass-renormalization 


btm = — 2|f |? xn F(— m) (55) 


Considering xm a8 the mechanical mass, we get for the experimentally 


observable mass xm: 
(P)? — xm + 0m. (56) 


If we are not concerned with the self-energy operator but only 
with its diagonal terms, the self-energy, we may, of course, get the 
result (56) by transition to the momentum space. Indeed, writing 


a, Aux 
viget re —ik,, x (57) 
Pin) Sone oe 
we get 
99* 3 l 
d TA = e s (g*g)a. e. =— € Xm (p*9)a. o. (58) 


(d.e. indicates the diagonal elements of the operator). For the self- 
energy operator, however, for which we must replace (57) by infinite 
series or by integrals, this kind of procedure does not give any results 
and we have to use transformation (49). 

It is à plesure to thank Professor R. E. Peierls and Dr. J. Rayski 
for helpfull discussions. I should also like to thank the ,Prezydium 
Rady Ministrów, Komisja do Spraw Popierania Twórczości Naukowej“ 
for the award of a research scholarship. 
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REMARKS ON SOME NON-LINEAR EFFECTS IN FIELD 
THEORY. I. 


By JERZY RAYSKI, Nicholas Copernicus University, Torun 


(received October 15, 1949) 


The scattering of a neutral scalar particle by another particle of the same 
kind and the spontaneous breaking up of a neutral particle is studied in Part I 
under the assumption of an interaction with a complex scalar field. These problems 
are analogous to the scattering of light by light and to the spontaneous breaking 
up of photons. The calculations are based on the Feynman-Dyson technique of 
solving problems in quantum field theory. The calculation of the scattering of light 
by light (coupling with pseudoscalar charged particles) is in preparation by B. Sre- 
dniawa and the author and will appear as Part II. 


A remarkable feature of the quantized field theory is its de- 
parture from the principle of superposition for the field variables in 
spite of the linearity of the classical field equations which are subject 
to the procedure of quantization. Such non-linear effects (e. g. the 
scattering of light by light) are due to the circumstance that in the 
quantum theory, the light is coupled to the charged fields even in 
the absence of actual charged particles; consequently the vacuum 
fluctuations of charged fields influence the behaviour of photons. 
In order to preserve the conservation laws two primary colliding pho- 
tons must produce at least two final photons, so that the lowest order 
in the perturbation treatment where the scattering of light by light 
occurs, is the fourth. The scattering in question is due to the inter- 
action with charged fermions as well as with charged bosons. The 
effect due to rermions has been calculated recently by Feynman (see 
Dyson 1949) with the aid of his relativistically invariant technique 
of calculation. Our aim is to study the scattering cross-section due 
to the interaction with charged scalar and pseudoscalar mesons. The 
total cross-section (in the lowest order of approximation e*t) is simply 
the sum of the separate expressions for all the charged fields. — ~ 
Í The non-linear effects appear, obviously, in any quantized field 

eory, not necessarily in quantum electrodynamics. Therefore, to 
udy non-linear aspects in the field theory, we may start with a much 
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simpler case of two coupled scalar fields: a complex one y and a real ; 
one g. We shall calculate first the scattering of a particle associated 
with » by another particle of the same kind. For reasons of analogy [ 
with the light as well as for simplicity we shall assume a vanishing | 
rest mass of these particles. 

This comparatively simple problem is particularly suited to illus- 
trate the modern technique developed by Feynman and Dyson (1949). 


§ 1. The scattering between neutral particles. A scalar- 
scalar interaction energy density is: 


h—fv've (1) | 


where f means the coupling constant, y is the field variable of the 
complex field and y that of the neutral field. In the interaction re- 
presentation (Tomonaga 1946) (which we propose to call the ,,Tomo- 
naga picture“) the field quantities obey the interaction-free Schro- 
dinger-Klein-Gordon equations: 


Dy—m?y—0, Oy*t—my*=0 


T [5 


and the invariant commutation relations: 
[v(1), p*(2)}=7A(12); [9(1), 9(2)] — 4D(12), (3) 


where 1, 2 denote in short the points æ, v and (12) denotes the differ- 
ence z/—z/. A and D are the well known Jordan-Pauli delta func- 
tions given by Schwinger (1949). 

The Sehroedinger equation may be written in an invariant form 
(Rayski 1950) 


ad EL 2 
era JAZMP»): mz, (4) 
3 ! 
. where ¥[2] is a functional of the variable space-like hyperplane 2 
Mad 
. While qx means the norma] functional derivative in respect to the 


plane X. (1)—(4) form an invariant basis describing the behaviour of 
the quantized fields y and g. Equation (4) connects only those values 
of Y among themselves which refer to a set of parallel planes; hence, 
. we may assume a system of reference with the time axis pointing in 
the direction of the normal to the plane 2, (2) means that plane 
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where the initial state has been fixed by measurement). In this system 
of reference (4) assumes the.simple form: 

d P(t) 

dt . 


> 
= fa g h(x, t). (4^^) 


We assume a state fixed for (— — oo by the statement that there 
exist two particles associated with the field g with momenta kj,k$ 
and no particles associated with the field y. We look for the probability 
of finding for t+-+ co two particles of the first kind with momenta 
k$, ký and, again, without any particles associated with y. 

The elements of the S-matrix of Heisenberg (1943): 


V(oo) = SY(— oo) = (1 + R) Y( —oo) (5) 


responsible for the scattering in question are found by the usual per- 
turbation treatment: 


R= fas. gra, | da, dt x, h(1)A(2) (3) h(4) ' (6) 
jue J 


i = H(t) P(t) (4^) 


with 


or 


nah fos. fe £, P[h(1) h(2) (3) h(4], (67) 


where P[ab...] means the product of the arguments arranged accor- 
ding to their time sequence. The integrations in (6') are extended 
over the whole space-time manifold. Due to the commutability of g 


with y or y*, 
P[h(1)h(2)...h(4)] = f*Ply*(1)y(1)v*(2)9(2) ... (4) PI)... 9(4)] (7) 
The order of the g functions in (7) is immaterial since any change 


in the order of g's yields, from (3), additional terms with a diminished 


number of g's which are immaterial for our je MAR problem. Thus 


we may replace P[y(1)...¢(4)] by the product g(1 )p(2)...(4). Next, we 
have to take the vacuum expectation value UM HAY Assume 


for a while that h >t,>t,>t,. In this case the operator <P>, yields 
simply: 


y.) (Dy * l2) (Q)v*(3)w(3)v* 4v (42s 


which may be written in the form 


La <y*(L)y(2)>o<v(L)y*(2)>0<¥(3 ee 4)> 


+ Cy(1)y*(2) m» (1)y(3 AME bein D. 
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| 
| 
| 


where all the permutations of 1, 2, 3. 4 should be taken into account 
except the reversing of the arden in the separate terms <y(t)p*(7)>o 
and <p*(t)y(j)> 9. With the aid of the formulae 


<w(1)y*(2)>9= 147 (12), <p*(2,y(1) >= — iA (12) (8) 
with A? given by Schwinger (1949), and by introducmg 
9A (12), for Geb 
—2iA (12) for i1, 


432) =| (9) 
where 4,(12) is the so called causal function introduced by Stueckel- 
berg (1948) and Feynman (see Dyson 1949) we find: 

(10) 
(P»— ig A421) 4412) 4434) (43) + A412) 431) 4424) A4(43) + ete.). 


It is easily seen that for a sequence of interchanged time variables 
we obtain exactly the same expression (10) so thàt (10) applies to 
any sequence of í£,..1,. The terms in (10) may be divided into two 
groups: 1) those with at least one 4,(it) or with a 4,(4j) appearing twice, 
2) those with 4,(ij) appearing only once for every i and j (t+). The 
terms of the first type do not contribute to the cross section except 
in the cases of k"— 0 or kf||k? and may be abandoned. There remain 
six terms of the second type. Due to the symmetry 


these six terms may be reduced to three, whence. 


k= fg fate. . diw p(l)... (4) (4412) 4423) 44(34) A41) 


+ 4402) 4424) 4,43) 44(31) + 4413) 4432) 4,(24) 4-(41)5. 


(11) 


In order to evaluate A(k,k,|k,k,) we introduce for g(1)...g(4) 
plane waves: 


, u n 
Apei, Ay elt Až ings Ag eif o 


This replacement should be done, of course, in all possible ways, the 
number of which is 4! We may, instead, fix the arrangement of plane 
waves but permute the variables of integration. Hence: 
Rss ks) =É Ar Ar, AL AT, f diw.. di, e CT ar rg : 
x (4412)4423)4434)4441), + A412)4424)4,43)4431) — UP 
+ 4413)44(32)4424)4,(41)). 
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Let us introduce the well known representation of the A, function: 


where C means the integration in the complex plane of the variable pg 
above (below) the real axis in the neighbourhood of the pole Vp?+ m? 


(—Vp?+ m2). This yields for (12): 


3l 16 
RS) 27 (7) Ay An AT, AT J dx... d'a, J d*p,...d*p, 
Pit -kg xg— k; x4) 


(pP? + m?) (p2 + m?) (p? + m?) (p2-4- m?) 


x { el [pi(xi— 3x3) H- po (xa— x) 3- pa(xg—234) 4-4 xx] 


3t el [p (xx) H- p»(xa—2x4)-4- ps x4 x3)H-pa(x3—x1)] 


i [pi (xy —3x3)-I-pa(xs— x2) + pa(xs—2x4) 4- p4(x4—2)] 
a5 e 3 2! X» Pal Xa — x. 13 


where p,z, or p? has been written instead of p?ay or p,p, for brevity. 
Integration over the variables 2,..”, yields four (four dimensional) 
delta functions which immediately allows further integrations over 
Pa, p3 and p, so that we are left with: 


R(k,k, k,k,) -2f1A4, An AZ AR OO (kt + ko —k5 — 1) 
DIS jecit sanus Kud ve o ade Re BE Aca 
» i : lir vj [(p— k) F m?][(p F k ko)? F me] [p F 3- m?] 
E 1 (14) 
[pF m?][(p — ka) + m*] [(p + X, — 9? + m?] (p + ky)? + m?] 
1 
T [pep ml (pt Y 3- mJ (pe hy ka) T I (p+ hy) Taal 


‘The delta: function óP (kj + ke hr dul appearing in (14) expresses 
the laws of conservation of energy and momentum. In (14) use-has 
been made of the property k?= k? =k? = kį=0. To evaluate the a 


grals in (14) we notice the fact that the integrals are of the form 1B D D. 
which may be Mp transformed by means of an identity: 


*n—1 


| ee oo eign fi fin f T m 


| OVE S Di as tnde + (A1— 49) zi 4- Ag} Se 
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In our special case we get for the integral in (14): 


1 x y 
Ecce 


"M "m 2— uw) Ky — 2) — Kt (@ 30) + 2 (y —2) + m2] * 
--[an analogous term with k, replaced by kal * 
+fan analogous term with k, replaced by —k, and vice versa] ^ 


We introduce new variables of integration: 


2p qe qp U=1— 2 
and denote 


R= f(k + X —k—14) Arn As ARAB ir + rot a. (16) 


Then we get: 


1—u 1—u 


PAAA =12 fe fafafa (17) 
i k GANEP] 


QU— klw--k$v—k$w, Py=m? —2k$kSv (17) 


where 


while 72,P2,Q% are obtained from r,P;,Qf, by the replacement ks—>kg 
and rs,Ps,Q$ are obtained from ryP4,Qf, by the replacement i — ke. 


Denoting put Qu — q, we get 
f d plpu+2PuQu+ P) = f d^ «(qu + P—Q) * 
=(P- O° f aolo 


(18) 


The last integral should be evaluated along the same path as the in- 
tegral in formula (13) an yields 


iT 
ILLO =>. 


Thus, we are left with 


i—u  1—u 


rk Kall a) — 2288 «f du i dv if dw (P,— Qt Qh) (19) 


Non-Linear Effects in Field Theory 157 


or, by introducing (17’), 


1—u 


1 a 
Eh. ko b.) = 22 fufa f dw 
; E : (20) 


{oko (kiu + k3o)w — 2k? kgv—2kykguv + miis 


This integral is convergent. The integrations over w and v are ele- 
mentary while the last integration over u may be performed numer- 
ically. 

For small values of kj,ko the integrand is approximatively m 
and we get an isotropie seattering with 


4 


iz? 


P= Rar R Ner age (21) 


§ 2. Spontaneous breaking up of neutral particles. 
Another effect violating the principle of superposition is the spon- 
taneous breaking up of neutral particles. In case of two interacting 
scalar fields we already find breaking up in the third order of approx- 
imation. > 

Assume for t—oo a state Y(—oo) consisting of a single neutral 
particle with momentum he We look for the probability of finding 


> > 
two particles of the same kind with momenta k, and k, for t—>-+ co. 


The matrix element in question is in this case: 
41? 
rat J dxd ædt æ P[h(1) &(2) h(3)]. (22) 


By taking the vacuum expectation value of the complex field y and 
noticing that the order of the g's is immaterial we get: 


Ra dt ay... d*æs 9(1)9(2) (3) Ac(12) Ae(23) Ac(31) _ (23) 


or 
1 ilk, x,—RsX,—hgx) — 
Rss ks) — 5 f An AL AL f dtm... dg e tte wm 
: A412) 4423) Ad (31). — 
Introducing representation (13) we get: 
R(k,|ks Es) = — 2f Ax, AE, AR, 9 (E, —ka — hy) r(s| ak) (25) 


ISS 
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where 


(Iya) - [t cnt n) p Het Ren en] 


Here p? has been written instead A p” p etc. for HANE The energy 
| 
and momentum are conserved if lk, ATIS +E] and hiik, TS By using 


(15) and noting that k? = k=.. .= kk = 0 we easily find 
1 x 
kilk k, |=2 i da f dy ip d* p(p? --2Q, p, +P), (27) 
0 0 c 
where 
Qu — k(z—3) + M(1—2)-Fk$, P=|m? (217) 
OT 
ELI 
with 
2 = P— Q? = me. (28) 
The integral along the part C yields 
d*q $2? 
| eX E 
whence | 
$a? 
(ses) = 5. (30) 


Thus, we find an isotropic probability, but different from zero, for 
the breaking up of neutral particles. 
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ON A SYSTEM OF FIELDS FREE OF DIVERGENCES OF 
THE MASS-RENORMALIZATION TYPE 


By J. RAYSKI and J. RZEWUSKI, Nicholas Copernicus University, 
Torun 


(received October 30, 1949) 


It is shown that a system of four different fields consisting of one photon, 
one electron, one C-meson, and two charged scalar meson fields is free of diver- 
gences of the mass-renormalization type. 


The application of the procedure of mass and charge renormaliza- 


tion (Schwinger 1948, 1949) has proved to be of great practical 


i 


| 


value, enabling the computation of several effects (magnetic moment 
of the electron, Lamb-shift, corrections to the Compton effect etc.). 
Nevertheless, from the mathematical point of view, the procedure of 
mass renormalization is unsatisfactory as long as the self masses are 
infinite. It is hoped that a considerable progress may be achieved 
(without any drastic departure from the traditional conception of 
fields nor from the Heisenberg-Pauli formalism of field quantization) 
by means of a completion of quantum electrodynamics by: (1) Intro- 
ducing additional physical fields and (2) by some formal improve- 
ments in the technique of calculation. From the physical point of 
view, it seems plausible to demand that all the fields believed to occur 
in nature should be dealt with simultaneously, since the divergences 
of the mass renormalization type may be eliminated by mutual com- 
pensation. On the other hand, it seems indispensable at the present 
stage to introduce also some formal procedures for dealing with 
symbols like 6, 4 etc. to prevent ambiguity in the results. This con- 
cerns, above all, the meaning of the Fourier expansions of these func- 
tions (e. g. the order in which Fourier and other summations have 


= to be performed). 


It has been shown by Pais (1947) and, independently, by Sa- 


= kata (1947) that the self energy of charged spinor particles may be 


removed by introducing an interaction with a neutral scalar meson 
(called cohesive forces meson OF, briefly, C-meson). On the other hand, 
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Umesawa with his collaborators (1948), and independently, one of 
the present authors (Rayski 1948) have shown that the self mass of 
photons vanishes if the electromagnetic field is coupled with spinor 
as well as with pseudoscalar (or scalar) charged fields. Now, the que- 
stion arises as to whether the divergences may be removed also from 
the remaining, above-mentioned, fields i.e. whether the self energy 
of the pseudoscalar charged meson will also be compensated by the 
C-meson and whether both parts of the self energy of a C-meson 
itself (due to the couplings with electrons and charged mesons) com- 
pensate to a finite value without introducing any further additional 
fields. With the aid of some formal rules concerning the order of oper- 
ations on the symbols ô, A, A (1) etc. and their Fourier transforms, the 
answer to this question is positive. Thus, we possess a comparatively 
simple system of fields free of divergences of the mass renormalization 
type. Quantum electrodynamics constitutes the chief part of this 
closed system of mutually compensating fields. 


I. Self mass of the C-meson. (a) Coupling with a charged 
pseudoscalar (or scalar) meson. We assume a real scalar field o asso- 
ciated with the neutral particles (with the rest mass m) and a com- 
plex pseudoscalar (or scalar) field y, y* associated with the charged 
particles (with the rest mass x). In the interaction representation 
called henceforth the „Tomonaga picture“ the field variables satisfy 
the interaction-free Schrédinger-Gordon-Klein equations 


(D—m)g-—0, (O—x?)p=0 (1) 
and the commutation relations 1 


(pu ]-—4A.(2—2'), [y,y*' ]= 5A de) (2) 


while other commutators between p, y and y* vanish. The equation - 


for the state functional is ((Tomonaga 1946) 


Mo] _,, 
E M], (3) 


where c(z) is a space-like surface through the point Zu, h’ is the inter- 


h = fy*yg. (4) | 


1 The notation used here and in the following is the standard notation in- 


‘troduced by Schwinger in his series of papers (1948, 1949). 


action energy density. We make the simplest possible assumption: 
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With the aid of a unitary transformation (Schwinger 1949 a) 


Yo) =e St ro | (5) 
with 
6S 
Soir — fv*vo (5^) 


we transform away the virtual first order processes and obtain a new 
equation: 


.ód[o] | 
ES = h(x) ®[o] (6) 
where 
nar) - — T f'ara'stee'1 í 6 
gees Be (oo tLo,o'19-[o,9']10,0 Y} (6°) 
with o = y*y: (6^) 


To evaluate the self energy of the C-meson we have to take the 
„one C-meson part“ of (6^). 


hic = seit = -Ë fes elo" ]<[y* y, v* E Tor {Pre 1c] - i (7) 


In the following we need the vacuum expectation values of bilinear 
expressions: 


Quy», — —iAC (a'—2), (vy >) =i dP aa) 
«o9 Sy —iAQ (a—2'), €(qyo')»o = AS) (m— a"). 


By virtue of (2) and (8), expressicn (7) assumes a simple fom? 


2 
heat — 1 f d AAP ps! (9) 


(8) 


We Fourier-analyse the field functions 
wf at kek) ( k? + m?) eu *n (10) 


and | using the well known (Schwinger 1949 a) Fourier representations 
of A and 4 we obtain from (9) 


,, Ok? + ôl k? + 2) he OG —x,) 
, 4 
Ast = 4(2x EET s fax fare fec í doo Ta : 


x ptr), p(k") (ie +m e £3) 
2 2 rA 3 , 
-Ê (ax aw [T pe ER || netos 
8(2ny kate Ge 2? 
x (g(2), plk + k')} OL (ut ky)? +m]. 
2 The argument of the A-functions under the integrals is Tuu 


sadi 
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We introduce 
ku =u T Puy ku = du — Pu, (12) 


whence 
dtkatk' = 16d*pd*q 


and get for (11), 


heit = 


a fana ui at Pat PP pla E 
didis) PD a Tmi 


UPIN ES pee T 


i29, x 
utres rou kac D MKSA 2 2 i 
qu dipdiq b. 
TD f 2p,d, {6(q2+ p2+ 2p, q,4- 7?) | $ 
—é(g? + pà —2p, q, +) (g(), P24) "04a, +m). i 
With the aid of the identity (Schwinger 1949 a) 1 
1 
| LAHEB) AB) = | dud'(A+ Bu), aa) 
(13) becomes " 1 
. tReet == epe fanest i 
a= (2; du f pd*q | dud'(q?+ p*-F x (18) 
A 
ipte) Pria weh. 
Introduce: y E 
vos tt A Rr | 


If.we also replace ge by Fae this substitution gi gives for (15): 


tja cites. «rea ird (og M pe sikii " 
fac E. tz» 4 / ere B s ie ý 
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Denoting 
we may write 


ó'(£? +A) ij^ w eC rv (20) 


1 co 
EHE (21) 
=) — oo 


whence 


With the aid of the formula 


2 
fe: * SES eo) (22) 
with 
+1 for w-0 
w) = 23 
e(w) Ps vaina (23) 
and integrating by parts with respect to u we get 
d co S 
—f? elw) iAw 
PA os Dee 
ô m e J * f "^ y 
me urs [^ u feos av 
E (24) 


- aus f^t E ges aw) wl 


= Fl 


—1+ aa 


The first integral is logarithmically divergent at the lower limit. The 
second integral is convergent if 


— 


and convergent in the,sense of Cauchy if | 


2 
duris ET. 
m 
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(b) Coupling with a spinor field. To cancel the divergence in (24) 
we have at our disposal the interaction of the C-meson with a spinor 
field (spin1/,). The interaction Hamiltonian adopted for our purposes is 


h=gvy (25) 
where v is composed of Dirac spinors ys and pa (not to be confused 
with the charged meson field v, v") in the following way 

0 — VaVa =Y v. (257) 
We transform away the first order terms by means of (5) with 


àS[o] _ 
óc(X) gep 


and obtain an expression of the same shape as (6) with ọ replaced 
by v and f by g. The self energy of the C-meson due to the interaction 
with a spinor field is the „one C-meson part“ of this expression (ana- 
logue to (7)): 


ha E T fes eo o] <le, *"]»o pp Y: (26) 


Using the well known commutation rules and the vacuum expectation 
values for a spinor field (Schwinger 1948, 1949) we easily get 


aA aA” = 
Rect" fae a(S — 124} 1g, 9 (27) 


Or, Om, 


where x, is the mass constant of a spinor field, A and A refer to the 
spinor field. The calculation of (27) may be carried out by exactly 
the same methods and yields 


hsec = 0 m? g?(xc) (28) 
3 The coupling 
ij SE — gI iv No ip Nu 
leads to a remarkable result i. e. to a finite value for the self energy: 


, Ma giam jf mA 
hseit = — (27) (4— s p? 


thus, the coupling with g' is of no use for the cancellation. As our aim has been to 


find the most simple system of fields we have put g/— 0 and considered only the — 


eoupling (25). 
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with 


vol (3 E cos 40 
Doni sm CN 
oM ony 3 Ms s dw F 
0 


1 
m? u? —3--12x;m? 2 m? 
EA d | age 8, Eco 
E cf (5 ow LH bedi? o 6 ) 


(28’) 


By comparing (24) with (28') we see that the divergences cancel each 
other if 
f? = 2g*(6x5 — m?) (29) 


which may be satisfied by a suitable choice of the coupling constants 
f and g provided ; 
6x m? (30) 


We have, therefore, to introduce spinors and C-mesons which satisfy 
(29) and (30). For a detailed discussion of this point see Section V. 


II. Self mass of a charged pseudoscalar meson. (a) Coup- 
ling with a C-meson. In order to compute the self-energy term for the 
charged meson we have to take ,,one (charged) meson part“ of (6’) 
Section I. With the aid of (8) we easily get 


(eo h= yty y) AP (0)+ (v* p+ v* v') 44a — 2’). (1) 
Thus, the whole self-energy operator may be written in the form: 
seit = hseit + Aso (2) 
with 
I Ie (1) 4m A * PO / 
hsett = — 7 4x (0) dx’ Am(y pty v) (2^) 
2 — cu 
Mae h f esa T+ 349 ovrt Qn) 


The arguments of the 4-functions under the integrals are 4,— Ty 
We notice the existence of a term with AQ (0). This term has been 
obtained by taking the ,one particle part“ of fo,o') where, among 
others, exist terms of the type 


Qv v», v'v'. 
In a charge symmetric theory similar terms generally cancel. Here, 


on the contrary, they remain since the scalar-scalar coupling is not . 
charge symmetric. z 
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The first term in (2" may be immediately put into the form 
of a mass renormalization factor: 


2 ET, 2 
- Fao Oyy faa, — T AP (Oyy. (3) 


The second term in (2) is not of such simple form. By Fourier anal- 
ysing the functions y’, y*’ and 4, we have 


W ( 4 2 19 ei Gu) *u 
BT (0) fark f ane vete 08s) (toa) tae (A) 


From this last expression we see, however, that its diagonal elements 
are identical with those of 


Fab 0) jf x face (k) ó(k' + xà) ó(k'2 + Bec 


which again is identical with (3). 1nus 


hsert = 6,72 y* y (4°) 
with 
yan Sai AQ (0) (5) 
2m? 
where 
AQ (0 BLUT nt #2) (6) 


By integrating (6) over kọ first we would get a quadratically divergent 
integral: : 
^ kidk 


fes 


but if we represent the ó-funcetion as a Fourier integral: 


ARH = c j a; J^ dw e an (7) 


change the order of integrations and use (22) from the foregoing sec- 
tion then we get 
+ 


dw POL ixw 


AQ (0)— is (8) 


— O00 
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+o 


NE? d VM 
AQ (0) = waa(2+ f Zaw 3k (9) 


This is a logarithmically divergent integral over an invariant para- 
meter w: We adopt this last alternative, constituting one of the pre- 
scriptions for the evaluation of non-well-defined expressions in quan- 
tum field theory. 

From (5) and (9) we have: 


AT COB 10 40 +1] 
Ove — E a S fees : (10) 


Next we evaluate nus from (2"). Using Fourier representations 


of AO, A, y and y* we get 


Mar = 


ipe EE Een], ^ son] | 
T > (kytka +m] (11) 
nob 2 y*(k')y(x)e- ikuu + compl. conj. i 
With the aid of variable transformations similar to those in Section I, 


we get 
heeit = à, 2? Y* Y (12) 


js 2 yo £98 ¥ v(v — m?[x?) al: ; 
de 162? CF mun 2o — 2w v? —2v m? ;à + Am? x2 Ha 


(b) Coupling with the electromagnetic field. The Sehródinger equa- 
tion for the pseudoscalar (or scalar) charged meson field coupled with 
the electromagnetic field is (3) Section I with 


with 


Aegre m que qun (13) 
where aes 3 
I,, = ôus( S1 4a — P v* p Ar Ax) + ey y Au v, (13^) 


where S, is used in short for 


* 
S, = ie (E 1 s: 


If the surface o is a plane i=const. then h’ becomes the usual inter- 
action part of a Hamiltonian: 


—S,A,+eyp*ypAiAi. (13) 
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We remove again the first order terms with the aid of a unitary 
transformation and, by taking the „one meson part", we get . 


hseis = hiat == heett (14) 
where 
hlar =$ e? DO (0) y* y, (147) 
: «4 " 
Aiit n fs v [Ape v —vg v) + AG? v* v — yk va)] (14^) 
+ DLAD (yf v —vk v') +A” (2 v* v' — vi va)]}+ compl. conj. 
where the index u means the derivatives 
oy 7 oy 1», 94(z— a) 
Pe = Sg Pu = 301? Apu = Aule — x) = Ou, 
As the mass constant in D® is zero, we have from (8) 
rd 
(1) t w Fa 
N= 167? iF mz e 
which is identically zero grounds of symmetry *. Thus 
har 0. (15) 


By using the methods displayed in Section I we get from (14’’) 5 


ha har = Oo y* y (16) 
Wit 
Spies fe dej bas dike (1 Sep Ra, 
(27) J> "M Ag, + ky)? + 2? ke, l 


This last integral depends only on q2— —»? but not on the separate 
components qu. We may introduce invariant parameters u and w as 


4 It should be noted that an elementary computation yields a quadratically 
eo A 
divergent result: D (0) ~ f kdk. This is a point where the rules for computation 


0 
adopted in this paper obviously interfere. 


However, this may be put into the usual form of a mass renormalization term à 


—43 C «* v by using a method displayed by one of us elsewhere. (Rzewuski, 1950). 
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usually and get 


1 oo 
RE ; &(w) tAw 2 
O E 6452 fo f (5 +u) (17) 
—1 — oo 
with 
A= T (u—1) 


or, finally (Me Connell 1949), 


; mS ^. cosw 5 
be = st f T +5). (18) 
0 


16 


By comparing the results (10), (12’), (15) and (18) we see that 
the divergent parts yield together 


L 2 
T ($ (me xj — 3 e* d Iga | (a— 0), 


whence the condition for compensation is 


(19) 


x? qm? 


2—32 
f m? — x? 


III. Self mass of fermions. For fermions with spin 1/2 we 
have already introduced in Section I (25) the interaction with C-me- 
sons. On the other hand we have the interaction with the electro- 
magnetic field discussed by Schwinger? and the possible interaction 
with charged pseudoscalar mesons. We assume the last one to be zero 
as has been generally assumed in the case of electrons. This point, 
however, will be fuller discussed in Section V. 

The self energy of fermions due to the interaction with the electro- 
magnetic field is given in Schwinger’s (1949 a) formula (3.97) and has 

the form (in our notation) 


3 á eos 4 , 5 
res erl fam s +3). E (1) 
0 


We have to compute only the „one fermion part“ of the Hamiltonian 
(25) Section I transformed to the second order. This yields 


Ox, = 


hsc = his = YP +oy (2) 
id LV E oa 
p=% fae P ac Am + ver ag 


— [49 4, AAS 


with 


(27) 
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where Am and AY denote the delta functions associated with the 
C-mesons and 4 and A those associated with the spinor particles 
as before. After introduction of Fourier transforms we get 


EL u(6—u) (1 —m[x54- u) ji (3) 
41+ QI [2 + 9( 1— m2/x2) uty 


at 


Comparison of (1) and (3) shows that a finite result is obtained by 


putting : 
g-26 (4) 


which confirms the older results of Pais (1947). We could as well take 
the coupling constant g=e but introduce two C-meson fields for each 
spinor field. 


IV. Self mass of photons. It has been shown by R. Jost 
(1949) and one of the present authors that the self mass of photons 
vanishes identically provided the electromagnetic field is coupled not 
only with spinors but also with charged pseudoscalar (or scalar) me- 
sons. If we denote the number of spinor fields by n and the number 
of pseudoscalar charged meson fields by n’ then the conditions for 
compensation are 

n'— 2n (1) 


b daa Subs, (2) 
i—1 P i 
where x; (?—1,2,..,-^') mean the masses of meson particles, x 


(t=1,2,...,n) those of spinor particles. 


V. Concluding remarks. The mathematically simplest way 
to satisfy (1) and (2) of Section IV is to assume a single spinor field 
(electrons with mass x,) and two charged scalar (or pseudoscalar) 
meson fields with masses 

Hi Mg he (1) 


Now, condition (29) of Section I, becomes 
f? = g(6x; — m?) 3) 
Since there are two charged meson fields. From (4) Section IIl we get 
* * N 


ft-2e6d—m) — | i 
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Comparing (2') with (19) Section II we find 


3x2 m? 2 3 
—; ~; = 2(6x, — m 3 
TON. ( ) ( ) 
together with the inequalities: 
6x2 > m> x2. (3’) 
From (3) 
mè =4x or mè —ix (4) 


both being compatible with (3’). Finally, from (2') we obtain 


f=+2ex, or [-—-43e»x,, (5) 


thus, our conditions for compensations are compatible and the sim- 
plest closed system of mutually compensating fields may be pictured 
schematically as follows 


> photon < : : 
n (mass 0) 
€ e 
| j: | 


eharged scalar electron charged scalar 
meson (mass xe) mass xe meson (mass xe) 
=V2e ; 
f=2exe or 3exe | 3 K J=2exe or 3e xe 


—  C-meson 
(mass 2x, or 3/2xe) 


We notice the lack of interaction between the charged particles and 
between the neutral ones. 

The above system, distinguished by its mathematical simplicity, 
is difficult to accept from the physical point of view; indeed, all the 
particles in question possess masses of the order of magnitude of the 
electron mass and thus do not deserve the name of mesons. But more 
general solutions exist too. If we introduce (besides the electron) ano- 
ther spinor field with a large mass constant, then we have to intro- 

duce four charged scalar or pseudoscalar fields with larger masses 
nı (t=1,...,4) to satisfy conditions (1) and (2) of Section IV. The 
C mesons will then be suitably heavier too. 
It should not be forgotten, however, that if these heavy spinor 
particles were protons then we should also admit the nuclear forces. 
‘In order to compensate the divergences due to the nuclear forces we 
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must look for further suitable fields. As our present knowledge of 
nuclear interactions is still incomplete we consider the investigation . 
of nuclear compensations as premature and limit ourselves to a com- 
pletion of quantum electrodynamics. 

After the elimination of divergences of the mass renormalization L 
type, the procedure of mass renormalization described by Schwinger 
(1948, 1949) and Dyson (1949) becomes meaningfull. 


Rmus dp 
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THE TORSIONAL OSCILLATOR 


BY WANDA HANUS, Institute of Experimental Physics, Nicholas 
Copernicus University, Torun. 


(received January 2, 1950) 


A quantum-mechanical theory of the torsional oscillator is given. In order 
to obtain the Schrédinger equation in a form suitable for this problem, the classical 
kinetic energy of the torsional oscillator is expressed in terms of four Euler's sym- 
metrical parameters; the first three of them are taken as independent variables. 
The resulting Schrédinger equation cannot be solyed exactly by separation of va- 
riables. This can be done, however, after dropping some terms which are small so 
long as the amplitudes of the torsional vibrations are small. The equation without 
these terms is consiaered as the unperturbed Schrodinger equation and the neglected 
terms as the small perturbation whose effects have to be calculated by Schrédinger’s 
perturbation theory. 

The unperturbed equation must be transformed to normal coordinates if the 
axes of the ellipsoid of moments of inertia and that of moments of torsion do not 
coincide. It leads to energy levels and eigenfunctions which approach those of a spa- 
tial oscillator if some simplifications are introduced. In the simplest and physically 
most important case, in which the axes of both ellipsoids coincide, one obtains the 
eigenvalues and eigenfunctions of the torsional oscillator by replacing masses by 
principal moments of inertia and displacements by angles of rotation about prin- 
cipal axes of inertia in the eigenvalues and eigenfunctions of a spatial oscillator. 
By means of perturbation theory, the first approximation is calculated for an oscil- 
lator with coinciding principal axes of inertia and those of moments of torsion for 
the non-degenerate case. 

The theory is applicable to the torsional vibrations of molecules in crystals 
or in rigid solutions. The validity of approximations made is tested by using the 
experimental results of the investigations of the so-called external Raman effect 
produced by the torsional vibrations of molecules in molecular crystals. The esti- 
he solutions of the unperturbed equation are quite a good 
eigenvalues does not exceed few pro mile and that 


t (for small quantum numbers). The estimate was 


of the eigenfunctions few per cen 
carried out for the pure crystal of naphtalen, but tne result holds also for all the 


molecules fulfilling a certain general condition. 


A formula giving the probability distribution of orientations of the torsional 


oscillator is also given. 


I. Introduction. Many phenomena occuring in solid and liquid 


media are connected with torsional oscillations. By this term we de- 
12* 
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note a motion consisting of multiply periodic changes of orientation 
in the neighbourhood of a certain position of equilibrium. Oscillations 
of this kind are possible when the molecules behave like rigid bodies 
placed in a field of external forces, i.e. when the forces connecting 
the atoms within a molecule are considerably larger than those acting 
between the molecules, yet the latter suffice to keep the molecules 
near a position of equilibrium. Such conditions are realized in vitreous 
liquids and in molecular crystals at low temperatures. With the in- 
crease of temperature the torsional oscillations pass into rotational 
motion. 

In liquids having a very large coefficient of viscosity, the tor- 
sional oscillations of fluorescent molecules must become apparent in : 
à partial depolarization of photoluminiscence (Jabtonski 1950). In 
molecular erystals, both the oscillations and their transition into ro- 
tational motion influence the structure and the thermic properties 
of the crystals. Pauling (1930) and Stern (1931) give quantum con- 
siderations, Stern — for diatomic homopolar (covalent) molecules, Pau- 
ling — for a particular case of oscillations about a fixed axis. The 
solution of Schrédinger’s equation yields here, as limiting cases, oscil- 
lation or rotational motion, the transition from one type of motion 
to the other being continuous, (in contradistinction to the classical 
picture). 

An effect closely connected with torsional oscillations of mole- 
cules is the Raman radiation of small frequency! (4v— 150 cm-1), 
observed in the spectrum of the light dispersed by certain organic 
molecular crystals (Gross 1935, 1939; Wuks 1937). According to Rous- 
set’s theory (1942, 1944 a, 1944 b, 1945, 1947; Kastler 1941, 1944, 
1947)? these lines may be attributed to harmonic torsional oscillations 
of molecules about three axes (being in the simplest case the prin- 
cipal axes of inertia). The starting point of Rousset’s theory is the 
motion of a single molecule (which is regarded as a rigid body), solved 
in a classical way to a first approximation (for small amplitudes); 
further considerations are concerned with the theory of the effect in 
the crystal net, and involve a comparison with existing experimental 
evidence. 

The calculations given below aim at extending the quantum 
considerations of Pauling and Stern to molecules possessing 3 dif- 


1 This is tbe so-called „external“ Raman radiation, vanishing at the melting 
point, which fact bears witness to its association with the crystal structure. 

2 Later publications accepting the same hypothesis are of Nedungadi (1941 
1943), Gross (1945) and Wuks (1915). 
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ferent principal moments of inertia. They have been carried out on 
the assumption that the amplitudes are smajl thus neglecting the 
problem of the transition from oscillation to rotational motion (in 
quantum theory this means a limitation to not very high energy levels). 


II. Classical expression for the energy of the torsional 
oscillator. A classical model serving as basis for further consider- 
ations is the „asymmetric top“, executing torsional oscillations (accor- 
ding to the definition given in Chapter I) of small amplitude about 
its centre of mass? in an external time-independent field of forces ^. 
The field of external forces is expressed by the ellipsoid of directing 
momenta. 

Two coordinates systems, with a common origin are introduced: 
To: Yos Zo fixed in space, and x,y,z fixed in the body and moving with it; 
in the equilibrium position the axes of both systems eoincide with 
one another and with the directions of the principal axes of inertia 
of the body. As variables determining the momentary position of vyz 
with respect to a ¥o% the symmetric Euler parameters? have been 


introduced (Whittaker 1944, page 8) 


€ 
é = COS », Sin 5 


E, = COS x, Sin 5 
(1) 

E E 

&, = COS %3 BIN 2 


€ 
£,-— cos 5 
ed 


ki, ka, kg are the angles between the fixed axes and the axis of the ro- 
tation which brings the movable set of axes from the original position 


8 Neglecting the influence of the simultaneous motion of the centre of mass. 

4 Both assumptions, that of the immobility of the centre of mass and that 
of the invariability of the forces, though not strictly corresponding to real physical 
conditions are yet justified, at least as far as crystal media are concerned (Marge- 
“nau 1943, pages 19 and 35). 

& The application of Euler's angles 5, v, 
to the zero-order approximation, since they play the part of ,, 
„vector of rotation" (Rousset 1945, p. 13; 1947, p. 22). 


g would limit our considerations 
components“ of a small 


mee o Ls 
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to the given momentary position (l); e is the angle of rotation about 
this axis (Fig. 1). The parameters ¢,...&, satisfy the relation 


4 
Drei = 0. (2) 
i. 


For small amplitudes (e««1) we shall have 
led |£|««1, &l««c1i (3) 


&—4- V —8— &—821—4(0-- BT 59 9... (4) 


Expressing kinetic and potential 
energies in variables £,,4,,£, we can de- 
velop them into à power-series with re- 
spect to &,,é,&. In the calculations here 
carried out, terms to the second degree 
inclusively have been taken into account. 
Limiting the calculations to the first ap- 
proximation, £,5,,£, will have the signif- 
ieanee of double „components of the 
vector of rotation". This is seen immedi- 


Fig. 1. 


ately when sin = is developed in formula (1). 


The kinetic energy of the asymmetric top is given by 


3 
Tr —i2 B, à, (5) 
i 


where Bis denote the principal moments of inertia, «js — the com- 
ponents of the angular velocity in the zyz-coordinate system. Expres- 
sing œw; in terms of å; by means of the formulae (Whittaker 1944, page 16) 
oy = 2(£,6 4- & £, —&, £ — E, E) | 
w = 2(— & & + Eaa F 66,6) (6) 
w; = 2( z 6i — & s+ $, & — és &) 
and taking into account relation (4), equation (5) takes the form 
T—2 X (LB, £—6-—8)-4- B,&-- B, 8] & 


1,2,3 » (7) 
+ 2[CB, + B4 — B4) & & - (B,—B,) é] Ei ča- 


Here D denotes the sum resulting from a cyclic rearrangement of | 
1,2,3 1 S 


the indices 1, 2, 3. 
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The development of the potential energy as a function of &,,55,5; 
in a series in the neighbourhood of the equilibrium position (5,— 5£,— 
—£,—0) yields 


3 3 : 
it 3U a 9*U 
U=U,+ D> ale D A soD (8) 
ti=1 i,j=1 ec 
where 


.gU DA 

tw (scaz), e 

(it always may be assumed, without limitation of the generality of the 

considerations, that U= 0, and in the equilibrium position EJ Ex0): 
i/o 

The formulae (7), (8) express the energy of the torsional oscillator 


E=T+U (9) 


III. Schrédinger’s equation for the torsional oscillator. 
The quantum operator of the kinetic energy may be obtained on the 
basis of analogy to cartesian coordinates (19) page 190, 350, by cal- 
eulating the Laplacian 


3 
1 ə ik 9 ) 
22 c M DL 10 
V'v-y; D ag 69 ag," (10) 
i, kl 
in coordinates £;, in which the arc element is expressed by the formula 


3 
ds?— 2T, d£ = in d£; dE (11) 


k=1 


. The symmetric matrix gu i8 obtained immediately from the formula (7); 


ie 


g denotes the determinant of this matrix, and g'^ — an element of 
the inverse matrix. The volume element, required for further con- 
siderations, is given by the formula 


dr = Vg dé, dé, dé, (12) 


On carrying out the éalculations, one obtains for the kinetic energy 
operator the expression 
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1 1 l 
= as 13% 
ey Bı B, (139 


Bs 


PIE $2 
—À 
E 
w 


and hence Schrödinger’s equation 


3 


Tw +2 Mug Èj = Ey. (14) 
i, j=1 


As it is seen, the equation cannot be solved exactly, yet we can 
get an approximate solution, neglecting in Ty the small terms which 
will constitute the „perturbation“. The estimate is founded on as- 
sumption (3). To the unperturbed equation will belong the terms 

à 
zH and 8y x These latter may be included, without spoiling the 
separability of the equation. Besides, as appears from further calcu- 
lations, they yield only a small correction, of the same order as that 
of the other terms, included in the perturbation. 


IV. Transformation to the normal coordinates. The un- . 


perturbed Schrödinger equation is of the form 
RU ( zi 


2E x M AA 
PA By & pbi D tive ij—1,2,8, (15) 


(v given by the formula (13'). It can be integrated by separation of 
variables, if the potential energy does not involve the mixed terms 


uy=0, ij (16) 


In the general case, these terms can be removed by transfor- 
mation to normal coordinates, i. e. by simultaneous reduction to their 


canonical form of the kinetic and potential energies, which to a zero — 


approximation are homogeneous quadratic forms (the kinetic energy 


is positive definite). (Courant and Hilbert 1937, page 30; Herzberg | 


1945, page 61) 
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n 2B, £i $—1,2,3 (17) 
1 2 : 
T=; Ni (17^) 
(i) 
it D 
U-—- Y nn; 17” 
Lo Magn 2,9=1, 2,3, (18) 
Q) 
D tuon = òr; Y D (18') 
@ 1 (Q) 
» j tt 
T—. bi (18) 
@ 
1 2 "ntn 
U—; M At (18'^') 
@ 


The coefficients A4; are the roots of the secular equation 


S =o 1,7 =1,2,3, (19) 


VB. B, 
which, at the same time, is the condition of solvability of a set of 
linear equations 


Wij 5 
Ss E tla 0 baa 20 
- lj m ij ; Qij t, 94599 ( ) 


yielding together with (18') the coefficients of transformation (18). 
Carrying out successively the transformations (17), (18) we obtain $ 


ET! 


h? pe on) 1 Vg | 
ES LUE Oar eS | un =H (21) 
PAT KES 2 yag, m) Bw 


T= BUS x EART Qui —2y X aji E S an} 
(i) 


(€ (k, D T z ; (k) (22) 
Goo) 


= — — 2 at. 
ME ^ 
b? (Py 3y| 1 Rev. $ 
32 "xE)'a£m4 E 
(Di Tee? 


6 It seems more convenient to start straightforwardly with the quantum 
| expression (15). The terms containing the first derivatives are also invariants of the 


|. two transformations. 


| 


p 
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As is seen from formulae (21), (23), Sehródinger's equation in 
the variables ¢; has in the general case the same form as in the va- 
riables 7;, assuming (16). Only ru are replaced by ås. Therefore 
it suffices to solve the equation for case (16), and the result can easily 


be generalized for arbitrary wy’s. 


V. Solution of the unperturbed equation. Assumpting 
(16), equation (21) can be solved by separation of variables 


y = yi) * Ve(172) ` Vala) (24) 
D 1, 
Hw Dg ope. i am T€ 2 
Vi 2y vit gd i 2B,! ni) v 0 1 122.05 ( 5) 
E+ OE, E, =E. (26) 


The first derivative in formula (25) is removed by the substitu- 
tion (Mott and Massey 1933) 


dyn} 
yi uin): e 


(y expressed by (13’)), and we obtain 


= 2 l Ui ; 
wit ul (y+ 58) — (r+ FA i|- (217) 
or 
uf + ulej —ai 42) = 0 (28) 
when denoting 
2 1 Wii 
gr gti = 673 +B =o. (29) 


This is the equation of the harmonic oscillator, the solution of which 
are Hermit’s orthogonal functions 


Fa. 2 
beree URN (30) 


Considering the geometrical significance of the variables y; it follows 


that 
Ini <2VB;. (31) 


Yet in approximate considerations the interval —2yB;; +2VB, 
can be replaced by an infinite one, provided the exponential function 
decreases sufticiently rapidly, i. e. when (Assumption I) 


a; Bi 551. - (82) 
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The eigenfunctions of the unperturbed equation will be of the form 
, NE a pE 
Vi —N, ce Ui DUF Hs lai ni) (33) 
, T 2 NEL HER 2 
Vn, n) n, = N n, nj Mg : egi Quit Cs Du 3 yal JH, dift SH (34) 
thus will differ from the Hermie’s orthogonal functions by the factor? 
LUCR | (35) 
This factor may be neglected in an approximation (Assumption II), if 


UE» Ve (36) 


It can be proved that the conditions (32) and (36) are equivalent to 
each other, if only B,, B,, B, are quantities of the same order ê. 

On the simplifying assumption (II), the eigenfunctions of the 
unperturbed equation assume the form 


Wn, no ny — AN ni nm Ü Pu UE "res n Hv (osi) SUN (Vaz n2) Hs o ns) (37) 


; j 
LM ass : | (31!) 


| (x) DUI mE 94! No! Ns + 


N mn n = 
or (expressed in the original variables £j) 


Ex. A Ae o— MA EC Bobs RED -H, (VB; &) H8, £;) -Hn (V8; Es) (38) 


E: ae A ul (38’) 
mam (VE B,B,(xyh 2^1" n, !n,! ng! 


Bi 5 V Brus = Bios = 4a Bi. (39) 


With the same approximation we can omit (because of condi- 
tion (36)) the terms of higher order, appearing in the volume element 


dc— 8B, E, E, (1 - X4) d£, d£, d£, = [432 8 2 3 W) dr, dng dij. (40) 
(i) 


7 The functions (34) vanish at co, since according to (29) we always have 


a> y. 


(1 
8 (a) if y<< oj, then gp, CK «v: 9 By »»1, thus also «,B,>>1. 


1 DOLI ale ol ye aed 31 
(b) if a,B,>>1, i. e. Bec tung ues satata), haz Cn 
and thus y<<a;- 
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dr = dn, d, åns (40° Ji 
(Assumption IIT) °. 
The eigenvalues of equation (28) are given by the formula 
e; = (2n; +1) a (41) 
whence, taking into account (29), we get 


i. Uti h? 


E, [ni iV mEt- (42) 


Expression (42) is simplified, if, taking into account condition (36) 
we adopt (Assumption IV) 


l wii 1 i 
“b= 53 Re wur 5 (a; — 0) (43) 
namely 
Vi h? 
— 44 
E,— =h(m + 5) B, Qu (44) 
E=E, +E, +E; =E? +E” (45) 


m (rs MA 3) zt) mj (48) 


220041 1 1 , 
fd ip Se br aus LR. 6 
4 X 16? [s ^x^ x) (463 


7 ; 
f E = w= 2m. (47) 


Besides, from relation (36) it follows that E'««E? 80 that E” may 
be neglected to-a zero approximation. The eigenvalues of the un- 
perturbed equation are then given by formula (46). 

In eonformity with the remark at the end of the preceding chapter, 


the above considerations, referring to case (16) may be generalized - 


for arbitrary u's. The eigenvalues will then be of the form 


E? =b {(m, +4) Va + (m+ 3VÀs + Qs + YA.) (48) 
where Ajs are the roots of equation (19), while the eigenfunctions 
depend on 2s in the same way as they formerly depended on nes. 
The variables ĉi are defined by the transformation (18). 


2n —1) (2n —3)... 
3 The estimation is founded on the formula f qn e— AX? Jy — Vin 1 Cd 


-— 00 


syam el 


‘particular molecules in the erystal net 


| 
| 


| to the case in question of a single oscil- 
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Thus it is seen that the solution of the unperturbed Schrödinger 
equation reduces approximately to the problem of a three-dimensional 
anisotropic harmonic oscillator, in which the mass has been replaced 
by the principal moments of inertia, and the displacements by the 
variables 7, ¢; or £j. These have, to a zero approximation, the signi- 
ficance of the angles of rotation about certain axes, and are in the 
simplest case identical with the principal axes of inertia. The result 
is thus a quantum correspondent of the classical theory of the tor- 
sional oscillations (Rousset 1944 b, 1945; Whittaker 1944. page 188), 
according to which such a motion can, to a first approximation, be 
regarded as a superposition of three harmonic torsional oscillations 
about the principal axes of inertia in case (16), and about the dia- 
meters, simultaneously conjugated with respect to both the ellipsoids 
(that of inertia and that of the directing momenta) in a general case. 


VI. Estimation of the numerical value of the coeffi- 
cients appearing in the equation. The introduction of as- 
sumptions I—V (in the preceding chapter), founded on relations (32), 
(36) requires a closer examination of how far they correspond to the 
real physical conditions. For this purpose may be used the experi- 
mental data pertaining to the .,external 
Raman effect“ in molecular crystals 
(Rousset 1947). As an example the 
naphtalen monocrystal has been chosen, 
with which the dispersion caused by the 
conjugation of the oscillations of the 


U, (B,) 


VB) 


is small, so that in the estimation the. (Bw 

arithmetic mean of the frequency of the i 

doublets may be taken as corresponding 

Fig. 2. 

lator in the field of external forces, (ex- 

pressing the influence of the neighbouring molecules) The numerical 
data have been collected inTable I. The quantities measured are 


Bi, m=, whence uus are easily calculable. uy=0 (for 1j), 
c 


since the oscillations come to pass about the principal axes of iner- 
tia of the naphtalen molecule (fig. 2). According to these data 


Bio; > 5:10, aj y:10 i | (49) 
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thus the conditions (32), (36) are really satisfied. More accurate cal- 
culations allow for an estimation of the upper limit of the errors (of 
the eigenvalues and -functions) deriving from the assumptions I—V. 
Assumption I: The error resulting from replacing the limits of integ- 
ration + 2|/ B, by —co+oo is to be neglected (for ni=+2VBi, 
ed T Assumptions II and III: The errors of the mean val- 
ues, calculated by using (37) and (40’), instead of (34) and (40), may 
be estimated jointly (they are of the same sign); the order of their 
magnitude can be grasped by comparing the normalizing factors in 
the two cases (AN, ,,,, and IN Aet 


+ co 
NAA ed titer po qp qr dn, dy, dy, =1 (50) 
— oco 
Pon 2 2 2 
TS T" ENS Trend ORO Hi H^ HA 
Moe (50^) 


2 
3 


EEEE EE drj, di; dns=1+ Anm n 
8 B, B, B, 1 1M TI, 


7 N 
N DIM ULT EAM LI (51) 
n, Ny Ng Vic dus s 2 n 
ze usd :10 7 (n+ ng + n3 +$). (517) 


Assumption IV. The relative error of the eigenvalues, resulting from 
the neglect of y? in relation to aj, is of the order 10°". Assumption V. 
E'" 210? - E. 

The estimate made for naphtalen is founded merely on relations 
(32), (36), therefore it will hold for all the molecules satisfying these 
relations. They !? can be expressed in general in the form 


VB un 75h (52) 

or 
£s h nd k —39 53 
Bin 220107. (53) 


10 if B’s are of the same order. In the opposite case equation (52) corresponds 
to condition (32) only. 
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Since the moments of inertia of the molecules do not generally de- 
viate excessively from values of order 10? g em?, and all the hitherto | 
observed „external Raman lines are comprised within the limits | 
20 em «9» <130 em"! (whereby in a given molecule smaller frequen- 
cies correspond to larger momenta of inertia, and conversely) — so 
relation (52) will be satisfied generaly. (53) renders it possible to test 
the applicability of the approximation on the basis of the experimental 
data in the partieular eases. 


VIL. The perturbation calculus. The influence of terms 
of higher order, appearing in the kinetic energy but neglected in equa- 
tion (15), can be taken into account by using a perturbation calculus 
(ndependent of time). These considerations have been carried out 
with the simplifying assumptions: (a) the oscillations take place about 
the principal axes of inertia, so that it is possible to compute in 
érvariables, (b) the eigenvalues of the oscillator are non-degenerate. 
(The calculations for other cases, in principle quite possible on the 
same assumptions, have been omitted because of considerable added 
complications). In accordance with the known formulae 


0 = HS 0 
RES RI mr peer yii) 55 
Vn V z Bom" | (55) 
Hinn = | v H yadr. (55) 
According to relation (13) 
ee yal a qe ina 
me EX ijs hee ia) 
k GET B, B; ! 35,36; "does & (x. z) à 


56 
i (56) 


1 
Ss eran ee Set (5, 5.) ^at) 


or, on Sdpuiituting for y the Slee na ion of the unperturbed 
“equation 
Y= Vi(5) ` va( 5a) Palés) l (57) 
yi = Na 6738 Hafo) EC 


fe | (58°) 
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js ai pi i Se dy, dys Í 


F hn ayes dE? 1 (Ev) Ys 


56’) 
1 ayy dyg| f, dv 

vaa OY: 3 
m pes d£ ys (Ys) — 5 V1 B eller) 

1 d 
— (5-H) ae Grotio). 
The expressions of the types 
du, dy; dyi ; dvi 
» e v —, &— 2 59 
vi Se Ey e po guo P age (59) 


appearing in (56’) can be transformed, by applying the known recur- 
rence formulae for Hermite polynoms 


H,— DTE 
off, =4Anit+ nips 


(60) 


from which, after simple transformations, we obtain 


[Yn = E Vn + e 

= = E Vni + z a 

| | es ee TEMERE Vn (61) 
CM zy Sy da |^ ee eni gov 
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Inserting these expressions into (56') we can compute immediately 
the integrals (55'), making use of the orthogonality of the y-function 4 
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£— 1 (63^) 
while ômn denotes Kronecker's symbol. 


Writing m=, m,—T, m,=n, (the terms underlined once in 
formula (62)) we obtain a correction for the eigenvalues 


ay 1 h2 1 2 1 

DM DRE T UNES HRS 

Maes ? Ys bien | 
12278 


Wed MENO ila era ee Wit 1 Diae E 
Ib 3j « (2-3) 9-3) (m+ 3) + ane: 


Then, Ennn, is of the same order as the additional term E', derived 
from the terms containing the first derivative. in the unperturbed 
equation (formula (46'). Combining the two terms and substituting 
the values for fs (39), we finally obtain for the energy of the tor- 
sional oscillator, together with the correction, the formula 


H 
En, n, n, a 2D) (m+ 4 Wy 


1,2,8 
Eigse ee ae Fe ER : ES 65 
16 E (a+ ; à | B, Bz 0$ Bs B,B, o ee 


1 "Wege 4 
(+3) (+2) ix 
In calculating the correction for the eigenfunctions, it suffices 
to take care only of the terms underlined twice in formula (62), since, 
as the numerical estimate !? shows, the magnitude of the other terms 


(the number of which is finite) does not exceed 2 per cent of the value 
of the terms taken into account. Thus 


Addi aio LN Bg Bane 


1,2,3 


23 (eK Omen E») z > (eK3 Omn,+ e). 


(e) (£) 


(66) 


- Hag for mnl (i=1,2,3) — altogether 8 possible combina- 
. tions. , i 


12 Founded on the data for naphtalen, as before. 


l 
L 
| | 13* 
| 


190 Wanda Hanus 


Denoting | 
n=(3 T) babs _ 2 B,— B, 0505 | 

“BAE; fı Vh VB, B, B4 V 0, w wz (67) | 

(1, 2,3 cyclic rearrangement) j 

we obtain | 


h? 7B Fm l 
Hace nta nta m 618280 (hdi Eada H ed) Ki KS KS (68) 
vp 253, assume the values +1). Hence, taking into account the signif- i 
icance of K; we obtain from formula (55) the expression for the eigen- | 
functions of the torsional oscillator (together with the correction) + 


0 047-1 | /n;-- 1] /n;--1 o 
Wn, n ny ~ Yn n n, - Ay "DP E mU is 2 Writ, ns--1, n34-1 
N n n 
ae | ibi | » | D ager | 
EE] (69) 
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AL VE. (BeBe) osos (By — Bo) 301+ (By — B1) 04 02 | 
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2 VB, B, B, Vo cos cos (wit € + ws) 
P Jh ; — (Bg — B2) w w + (B, — B3) w w1 + (Ba — B4) 0 w 
E "ue TAI eae geet ume aE eee morte ee 


2 VB, B, B, Vo, w os (— ex d €» + 3) 


Formulae (65), (69) give the result of the perturbation calculus. 
The practical significance of the correction obtained depends on its 
magnitude. According to the data for naphtalen, for the not very 
large ns, AE, nn, does not exceed a few per cent of the unperturbed 
values E% mm, and therefore is very small. To take it into account 
would be simply aimless, eonsidering the magnitude of the errors 
resulting from the assumption I—V in the solution of the unperturbed 
equation. The energy levels of the torsional oscillator are thus closely 
approximated by the eigenvalues of the harmonic oscillator. The cor- 
rection for the eigenfunctions (coefficients in the development (55)) 
does not exceed a few per cent — excluding the cases approaching 
degeneration of the type w,+ w= wz. 


(69^) | 


18 For a case close to the degeneration of the type w,+ w, =w; the correction 
becomes large. Such a case should be excluded from our considerations. 
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The perturbation calculus carried out here has been concerned 
only with the terms of higher order in kinetic energy. For the possible 
terms of higher order in potential energy we could make use of the 
results of considerations for the „translational“ oscillations (Herzberg 
1945, page 204), from which it follows, for instance, that such a cor- 
rection would have a form similar to (64), as far as the dependence 
on nps is concerned. The coefficients, however, could not be fixed 
without accepting some closer assumptions as to the form of the po- 
tential energy. 


VIII. Distribution of the orientation probabilities of 
the torsional oscillator. According to the statistical interpreta- 
tion of quantum mechanics, 


P—y*ydr— (E6065) dt= 8/ B,B,B, vi V14 G++ dé dE, de, — (70) 


expresses the probability that the variables £1, 2, assume the values 

within the element dr. Passing from the angles %1, %z,% to spherical 

coordinates (Section I, fig. 1) and taking the angles 2,9,& for indepen- 

dent variables we obtain immediately the probability of a determined 
. spatial orientation 


- ee 
i= sin 9 cos g sin 5 


£, = sin 9 sin g sin 5 (71) 


é = cos 9 sin 5 


dé, didi, = Pits) dbdpde = ; dn'fsnódódpde — (72) 
| dx — 4 |/B, B, B, |/ 1+ sin? ^ sin’ £ cos j sin 0 dà dpde (73) 


| f . Ean. € €. ; 
P = y*(6ge) 4 VB, B, B; |/ 1+ sin? 5 sin? 5 cos 5 sin 0dódpde (74) 


f In considerations confined to a zero approximation, the formula 
. assumes a simpler form | 


P = y (6, 63, £3) VB, B, By de, de, de; (74^) 


(where gj —2£, have the significance of the components of a small - 
„vector of rotation"). : 
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My words of sincerest thanks are due to Professor A. Jabtouiski 
to whom I owe a debt of gratitude for suggesting the theme of this 
paper, as well as for his kind and valuable help, shown during the 
entire period of its execution. 
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FUNDAMENTAL POLARIZATION OF PHOTOLUMINES- 
CENCE AND TORSIONAL VIBRATIONS OF MOLECULES 


By A. JABLONSKI, Physics Department, Nicholas Copernicus Uni- 
versity, Torun 


(received January 17, 1950) 


A few introductory remarks are made concerning fundamental polarization 
of photoluminescence of solutions. The main assumptions and results of some known 
theories of fundamental polarization are recalled. The meaning of the term ,,spatial 
virtual electronic oscillator“, introduced in the writer’s theory of fundamental pol- 
arization, is clearly stated and its usefulness advocated. 

The well-known fact that the absolute values of the observed fundamental 
polarization are always smaller than those to be expected on the basis of reasonable 
theoretical considerations suggests the existence of some hitherto unnoticed depo- 
larizing factors. The writer believes that these factors are: the torsional vibrations 
of luminescent molecules (considered as rigid bodies) about their equilibrium orien- 
tation in a surrounding solid medium, and possibly in some cases also torsional 
vibrations or rotations of parts of luminescent molecules and some of their normal 
vibrations. The first of these factors seems to be the most important and constitutes 
the main subject of the present paper. 

It appears that the mean square of the angles of turn of the lummescent 
molecule carrying out torsional vibrations, plays an essential role in the present 
theory. An expression showing the dependence of this mean square on the tempepature 

' of the medium and on the frequency of torsional vibrations of the molecule as well 
as its moment of inertia is derived on the basis of the zeroth approximation of Hanus’s 
theory of torsional oscillator. This approximation, valid for small amplitudes of 
torsional vibrations only, is assumed to be sufficiently good for present purposes. 
The theory is restricted to the most important case in which the excitation occurs 

| in the absorption band involving electronic transition between the same pair of 
electronic levels as that involved in the emission of the photoluminescence band. 
- Fundamental polarization in this particular case is called here »prineipal polari- 
zation“. Principal polarization, which results if the depolarization by torsional vibra- 
tions is taken into account after other depolarizing factors are excluded, is denoted 
here by ,,pseudoprincipal polarization". An expression is derived for pseudoprincipa’ 
3 polarization as a function of the three principal transition probabilities of the virtual 
|? spatial electronic oscillator ,and the mean squares of the angles of turn about the 
three axes coinciding with the axes of the electronic oscillator. By means of this 

. expression, the standard deviation of the angles of turn of the molecules, the fre- 
quency of their torsional vibrations and the corresponding moments of torsion, 

| can be estimated (or in some particular cases eyen determined) on the basis of polar- 


| 
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ization measurements. The theory is applied to the fluorescence of glyceric solutions 


of fuorescein and benzene. 
Although the final experimental test of the theory must be awaited, the 


experimental facts so far known seem to corraborate it. 


§ 1. Introduction. We shall call here „fundamental polariza- 
tion“ P,, the rate of polarization! P. of photoluminescence of an iso- 
tropie solution in which there are no depolarizing factors. The well- 
known depolarizing factors are: the thermal (Brown's) rotations of 
luminescent molecules and the migration of the excitation energy 
from one luminescent molecule to another. These factors can be avoided 
by choosing appropriate experimental conditions, or eliminated from 
experimental results by means of calculation. The value of P, can 
be predicted (at least in some cases) on the basis of reasonable consid- 
erations?. It turns out, however that the experimental values of |P,| 
appear to be always smaller than those to be expected on the basis 
of these considerations. It seems reasonable to suspect the existence 
of some further depolarizing factors which have thus far escaped notice. 
The writer believes that these factors are: torsional vibrations of 
luminescent molecules (considered as rigid bodies) about their equi- 
librium orientation in the rigid surrounding medium (solvent), and 
in some cases torsional vibrations or even rotations.of parts of mole- 
eules and some of their normal vibrations. The first of these factors 
seems to be the most important and is always present. It has already 
been treated in a preliminary note (Jablonski 1950) and is the main 
subject of the present paper. Before we proceed to the theory of this 
. effect we must recall briefly the main assumptions and results of some 
of the theories of fundamental polarization. 


§ 2. The Theories of Fundamental Polarization. The 
limits between which the experimental values of fundamental po- 
larization lie are: —4< P< +4. It is importantant to note that in 
no case are these limits reached. 

The earliest theory of fundamental polarization is due to Wa- 


wilow and Lewschin (1923). They assume a linear (i. e. totally aniso- 


s EEA ly 
1 The rate of polarization is defined as: P—.L where I, and I are 
Uu do. ll Jl: 
the intensity components of photoluminescence | and | to the electric, vector of 
the primary plane polarized light. The rate of depolarization g is given by 
I qu ARP jg | i 
Hence P =— =. 


q 13XPF le 
? Of. page 204. 
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tropic) virtual electronic oscillator, rigidly connected with the lumi- 
nescent molecule, the same oscillator being responsible for the ab- 
sorption as well as for the emission of light. There results only one 
possible value of Py, viz. Py=4. Thus, their theory cannot explain 
the existence of cases in which P, is much smaller than 4, or even 
negative. To remedy this defect, Perrin (1925—1929) assumes that 
in the general case, different linear oscillators are involved in the 
absorption and in the emission of light. P, depends on the angle a 
made by the directions of these oscillators. The limits of P, resulting 
from Perrin's theory are: —4<P,<}. Obviously, a=+0 can be assumed 
only in cases in which absorption and emission involve transitions 
between different pairs of electronic levels. In cases in which the same 
pair of electronic levels is involved in both processes, a— 0 must be 
assumed, the same oscillator being responsible for the absorption as 
well as for the emission of light. There again results Pj—4 for this 
kind of excitation of photoluminescence. 

Let us eall henceforth ,principal polarization" the fundamental 
polarization in the cases in which the excitation occurs in the absorption 
band involving electronic transition between the same pair of electronic 
levels as that involved in the emission of the photoluminescence band. 
Let us denote the principal polarization by P,. 

The fact that in some cases P, is much smaller than } (Mako- 
wiecka 1934) induced the writer to propose a new theory in which 
spatial oscillators are introduced instead of linear oscillators (Jablon- 
ski 1935, 1936). The main assumptions of this theory are: To every 
electronic transition belongs a particular oscillator. Each oscillator 
“possesses in general three principal transition probabilities I’, elie 
along three mutually perpendicular »principal" axes?. The orientation 
of the axes of different oscillators with respect to the molecular axes 
is in general different. There are no fixed phase relations between the 
primary and the emitted light and no such relations between com- 

| ponents along different principal axes of the electronic oscillator (the 
| physical grounds for this assumption are given in previous papers 
| ‘(Jablonski 1935, 1936)). The probability distribution of the directions 
of the transition moment. responsible for the emission of light does 
i not depend on the direction of the transition moment responsible 
for the absorption of light: The excited molecule „forgets“ the direction 
“of the electric vector of the primary light. It follows from the above 
L D 
| 3 Obviously, the linear oscillator constitutes a particular case of the spatial 
! oseillator in which only one of the three principal transition probabilities is differe- 
| from zero, say, D, 4-0, p= 1 — 0. l 
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assumptions that the transition probability along a direction making 
angles aj, as, a4 With the directions of the principal transition probabil- 
ities is simply 

G — D, cos? a,-- D, cos? aj 4- T5 cos? as. (1) 


Let us denote by T}, T, T the principal transition probabilities 
of the „absorption oscillator and by G,,G, G4 the „components“ 
of the transition probabilities of the „emission oscillator“ along the 
directions of the principal axes of the absorption oscillator (which 
can be calculated by means of (1)). Then, as was shown in a previous 
paper (Jabłoński 1950), the fundamental rate of depolarization is 
given by 


ay STE Glee Tae 


eo = SS a (2) 
AN A D)844-2 DIG: 
pei end ixi 


Hence the rate of fundamental polarization is 


3 3 3 
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We obtain the principal depolarization from (2) by setting G,— 1, 
G=, G3 I3 


3 3 
NOISY Mas 
ESI i=1 


CPs vri (3) 
(SL) +2 017 
d jzi i1 
and similarly the principal polarization from (2 a) 
3 3 
BL Ti (ry | 
P= = (3 a) 
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These formulae were given in a somewhat different but thoroughly . 


equivalent form in the original paper +t. This new form seems to fit 
better the considerations given in the next sections. 


^ Aside from the form of the formulae, different notations were also used | 


(A? instead of T, and B* instead of G). 


=m 


== 
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Inspection of (2) and (2 a) shows that 
Op ee Or ae Su. (4) 


The limits of possible values of the principal depolarization 
and the principal polarization resulting from (3) and (3 a) are 


$0951, on Q sS P, sc. (5) 


Since all the experimental values of P, lie within the limits given 
by (5), the main difficulty of the previous theories of polarization 
is thus removed. 

It must be emphasized that only the relative values of the prin- 
cipal transition probabilities in (2), (2 a), (3) and (3a) are relevant. 

Setting in (3a) 712-0, D5— L5— 0 (the case of a linear oscillator), 
we obtain P,— 4. 

Setting L',—,2-0, L5—0 (the case of a plane symmetrical oscil- 
lator) we obtain P,—41. 

In the case of [L,—1,—1,3-2-0 (spherical oscillator) we obtain 
P,= O0. 

Equations (2), (2 a), (3) and (3a) were derived under the as- 
sumption of non-existence of any depolarizing factors. The influence 
of rotations of molecules on polarization of photoluminescence is 
satisfactorily described by the theory of Perrin (1925—1929). The 
influence of the torsional vibrations (always existing) will be treated 
in $4. 

We shall now discuss the compatibility of the assumption of 
spatial virtual oscillators with the theory of molecular spectra. Let 
us quote a passage from an article of Sponer and Teller (1941): ,,Elec- 
tronie transition probabilities are determined by the matrix elements 


of the dipole moment af vt My;drg. Here y, and y, are the electronic 


eigenfunctions in the upper and lower states; the asterisk (p’*) indicates 
the conjugate complex value. M is the dipole of the system of nuclei 


and electrons for a definite electronic configuration. The integration 
must be carried out over all configuration of the electrons (symbolically 


indicated by the volume element dra)... A general group theoretical 


I 


| 


| 


argument shows that if y MyadTa can be different from zero only 


if the direct produet of the transformation properties of separate 
faetors contains a totally symmetrical term (i. e., one that remains 
unchanged during all symmetry operations). One can prove moreover 
that the above condition is equivalent to the requirement that the 
direct produet of the term symbols belonging to y, and y^ should 
contain a term with the transformation properties of M. The latter 
transforms in the same way as a translation. Therefore the following 
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general statement can be made: A combination between two states 
is allowed if their direct produet contains a term which transforms 
like one of the translations Tx, T, or T,. The direction of this trans- 


lation determins the direction of ne dipole moment connected with | 


transition (transition moment)“. In the light of the above passage we 
might think that the introduction, of linear virtual oscillators is the 
only legitimate one. In order to elucidate this point, the meaning of the 
expression ,spatial virtual electronic oscillator" must be clearly stated. 
It does not apply to an actual individual transition but rather to a set 
of possible electronic transitions between two (in general degenerate) 
levels or between two groups of very close levels giving rise to one 
(or practically one) absorption or photoluminescence band 5. In this 
case the transition moments may assume different directions with 
respect to moleeular axes. 

The same applies to the molecules in which the transition for- 
bidden by symmetry is made permissible by transient factors (e.g. by 
excitation of non-totally symmetrical vibrations of nuclei) In this 
case the anisotropy of the virtual electronic oscillator is determined 
by the symmetry of the molecule alone. As an example we may quote 
the fluorescence of benzene (in solutions) which is due to an electronic 
transition moment parallel to the plane of the molecule. This ease 
corresponds exactly to a plane symmetrical electronic oscillator with 
two of its principal transition probabilities equal, and the third equal 
to zero (say: [,=I,+0; 1D35— 0). 

It is important to remember that the theory plies to molecules 
surrounded by a condensed medium only. The disturbances caused 
by this medium play an essential role in the phenomena described 
by it. Owing to these disturbances, the probability distribution of 
the directions of the transition moments involved in the emission 
of light in a molecule, can be assumed to be independent of the direction 
of the transition moment involved in the absorption of light. The 
same cause produces the phase independence already mentioned. 
Further effects produced by the same cause (e. g. the displacement 
of the luminescence band with respect to the absorption bands) were 
treated in some of the previous papers (Jabłoński 1931, 1935, 1936) 
but are irrelevant in the present investigation. 

The above considerations may suffice to show the usefulness 
of the theory of polarization based on the assumption of spatial oscil- 


_ lators and its. compatibility with the theory of molecular spectra. 1 


.5 Thus, in.general several pairs of electronic Fen are involved in 
one spatial oscillator. 
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§ 3. Torsional Vibrations of Molecules. The quantum 
mechanical theory of torsional vibrations of molecules was developed 
by Pauling (1930), Stern (1931) and Hanus (1951). As shown by 
Mrs. Hanus, the total torsional vibration of a molecule (treated as 
a rigid body) can be described in the case of small amplitudes by means 
of three approximately independent torsional vibrations about three 
certain axes fixed in space (zeroth approximation). These axes coincide 
with the principal axes of inertia of the molecule (in its equilibrium 
orientation). The most important case is that in which the axes of the 
ellipsoid of moment of torsion have the same direction as the principal 
axes of inertia. We shall confine ourselves to this case only. Each of 
the three vibrations is described by a Schroedinger equation of the 
harmonie oscillator, in which the mass is substituted by the moment 
of inertia I; and the displacement by the angle of turn e; about the 
eorresponding axis. The three (angular) eigenfrequencies are 


w= 5. T EEY (6) 
I, 


where q; are the principal moments of torsion and J; the principa 
moments of inertia of the molecule. 
The corresponding eigenvalues (in the zeroth approximation) are 


E;=(ni+4) wih, n= 0,1,2,3,... (7) 


The eigenfunctions are 


1 2 
ia ee age ER (I 
„=E (m12") *e 3 Hn 5:5), (8) 
where pai, H,, are the Hermitian polynomials. In the same 


approximation the total energy is 
Es, my n= Hy + Eat Es h[(5 +4) Ort (Me + 8) s + (Ms + 3) s]. 00) 


- and the total eigenfunction 


Vn, ns n,77 Vn (Ex) Vn (£2) Vn, 63)- : (10) : 


As shown by Mrs. Hanus, the zeroth approximation (in which 
 &he non-separable terms in the full Schroedinger equation are neglected) 
is rather good for small quantum numbers n;. Although it becomes 
worse for larger quantum numbers, we shall nevertheless use this 
= approximation only throughout. 
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What we need in applications to the theory of polarization are 
the mean squares of each of the three angles of turn e? of luminescent 
molecules in a solid solution in thermal equilibrium at a given tem- 
perature 79K. 

Let us first caleulate this mean square for a particular vibration 
state, say n;. Let us denote it by &. There results from (8) ê: 


h 
=(n+9) 7 (11) 


Xe slo 


-[O09 
DS EXER SE 
E faved, (n +4) 
—oo 


(we have dropped the subscripts -,,7~!). 
Now, (n+4)h/lo= E,/Io?, hence 


3 En 


aa 
€ TIS 
Bits ci RT, 


(12) 


E, being the energy of the torsional vibrations in the state nj. 

In order to obtain the mean square e? in the case of thermal equi- 
librium at temperature 7? K (when different quantum states of vibra- 
tion are excited) we must substitute in (12), not the energy of a parti- 
cular state but instead the mean value of the energy of an harmonie 
oscillator at this temperature (including its zero point energy): 


ho 
1 

E-iho- ko 

RT og 
Finally we obtain 

ZION I 1 

Pig ECER M 

Serra + ho (13) 
ao ual 


Thus, molecules in solid media carry out torsional vibrations 
even at T=0°K (e? —h/21o). 

Provided I; and T are given, (13) enables us to evaluate c? if 
o; is known, or to evaluate c; if e? is known’. 


€ Cf. e.g. H. Margenau and G. M. Murphy (1943). 


7 From the investigations of the external Raman effect the eigenfrequencies | 


of torsional vibrations of some molecules in crystals were obtained. Using the results 


of Rousset (1947) for naphtalene molecules in pure naphtalene crystals we have — 


- ealeulated by means of (13) the standard deviations of angles of turn V3 tor the 
torsional vibrations of that molecule about its three principal axes of inertia. Th 
results are given in table I. The eigenfrequencies quoted there are the mean valu 
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§ 4. Influence of Torsional Vibrations on P,. Any orien- 
tation of a molecule differing from its equilibrium orientation may 
be described by means of an angle of turn about a suitable axis. 
In the case of small angles of turn (to which we shall restrict ourselves) 
they can be treated approximately as vectors and thus described by 
their components along the axes of a co-ordinate system fixed in 
space. In this approximation the angle of turn resulting from several 
successive turns does not depend on the order in which they are 
carried out. l 

Let us consider a solution of luminescent molecules with principal 
transition probabilities J}, T, and I; (the same for absorption as for 
emission). The principal polarization is given by (3 a): 


3AT — (Zr 


P, =— (14) 
i » Tt 4-3(X ry 
j 
The ,,pseudoprincipal polarization", i. e. the polarization which 
results from the principal polarization if depolarization by the torsional 
vibrations of luminescent molecules is taken into account, can be 


expressed by a similar formula in which T; are replaced by I; which 


are the mean values of the trantition probabilities along the directions 
of the axes of the principal transition probabilities in their equilibrium 
orientations. The torsional vibrations tend to equalize these transition 
probabilities. Let us denote the pseudoprincipal polarization by ee 


of the frequencies of Raman doublets (the cause of doubling has been explained 


by Rousset). 


Et m ! : " 
responding axis z; and J, are in 0gs units. 


Table I. Standard deviations of angles of turn of a naphtalene molecule in pure 
naphtalene crystals 


I, 1038 
o, 1018 

V2 at 0K 
V2 at 300°K 
€ 1011 


The data given in different columns refer to the axes i= 1,2 and 3 respectively ; 
is the moment of torsion responsible for the vibrations about the cor- 
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By means of (1) we have 


Ti= T] cos? ajı +13 COS? a4,4- L3 c08?.a,5,..., . ., (15) : 


where a; are the angles made by J with the equilibrium direction { 
of T; and cos*ay are mean values of cos? ay. 

Let 0, 0, and 0, be the angles of turn about the equilibrium 
directions of l, T, and I; and 0,41, 0441, 0441. Then 


2 LS 2 2 2] — 02 2 
COS? a4, © COS? 0, cos? 0, a; 1 — 02— 02, ..., (16) 
2 a. «cos? a. m 0? 
COS? a4, © COS? a,, 02, ..., 


From (15) and (16) we obtain 
T=, + D-01082: (TI) 62, ..., (17) 


Inspection of (17) shows that Due i. e. the sum of transition 


probabilities is not changed by torsional vibrations (as it must be in 
fact). If the axes of the electronic oscillator and those of the torsional 
oscillator coincide, we have to put 2— E where s? are the mean squares 
of angles of turn about the axes of the torsional oscillator. 

If this is not the case 62 are functions of e? (or of a part of them). 
Let f, be angles made by the (mutually perpendicular) axes of the 
torsional oscillator with those of the electronic oscillator (the first 


subscript refering to the axes of the electronic oscillator the second 
to those of the torsional oscillator). Then 


9t — C» E; cos By-Xxe cos? P; (t= 1,2,3) (18) 


since in our approximation ee;— 0 for t=]. 


Substituting T} (17) for P; in (14) we obtain the following expres- 
sion for the pseudoprincipal polarization 


3 TP? — (ary 
het. cl vot Se 
since X Tj—X rn. 
j j 


Let us now apply (19) and (17) to some simple particular cases. 
It has already been done in the preliminary note (Jabłoński 1950) 
but it seems expedient to quote it here for the sake of completeness. 
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Let the oscillator be linear (J;=1, l,— T,= 0) and let $ 
p 62 = u/2: H is irrelevant in this case. Putting these values of I} 


and 67 into (17), we obtain Di—1-—w, l;—1'3—w[2; hence by means 
of (19)? 
9u?—12u+4 


pu 3u?— 4u+8° 


(20) 


Another simple case is that of a flat symmetrical oscillator (I= 0, 
I,—I,. Again let 02— 02— u/2; 01 is irrelevant. From (17) and (19) 
we have 

94? — 2u +4 


3u2 — 4u + 28° Cie 


P= 

Now the question arises wether it is possible to obtain the three 
eigenfrequencies of torsional vibrations from measurements of the 
pseudoprincipal polarization. Inspection of (17) and (19) shows that 
it is impossible in the general case in which all these frequencies are 
different. In general only a very rough estimate of the order of magni- 
tude of something like a mean value of the three frequencies can be 


made, if all e in (17) are considered to be equal re 6 = 02 — ô), and 
if the anisotropy of the electronic oscillator can be assumed as known 
a priori. By means of (19) we then can evaluate ô on the basis of the 
experimental value of P}. Using this value of ô= and the mean 
value of principal moments of inertia of the molecule, we can calculate 
by means of (13) the frequency which is the „mean value“ of the three 
frequencies of torsional vibration of the molecule *®. We shall now 
derive an expression which makes the evaluation of 6 on the basis 
of P, and P, very easy. i 

From (14) and (19) we have 


2 
et x E E (14 a) 
(Dp) ou, = 
i 
and 
AJ | 
i L9 ^ (19 a) 


8 This is a rather vts case. In general rr &. 

9 Cf. also the formulà (20) of Perrin's paper (1929). 

10 Even this rough estimate must be made with caution. One must make 
gure that no other factors apart from torsional vibrations affect appreciably the 
rate of polarization. ; 
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There from there results 


Gare lt ora (3-3) (22) 
p 


Putting gie ous ?—ó6 in (17) we obtain 


POL Te ME po qu (23) 
i 
Hence : 
DP 3 ST; 
i i 9 
= (26—36?) |-=—, — 1}. (24) 
ony P 
J 
From (24), (14 a) and (22) we obtain the final expression 
P,—P, 
— a T L 25 
20+ 5 P,(3—P%) 0 (25) 


Using Perrin’s (1925—1929) value of pseudoprineipal polarization of 
fluorescence of fluorescein in glyceric solution at 7—300? K: P,— 0,44, 
and assuming P,=0,5, we obtain by means of (25): 6=0 025. This 
corresponds to a eran deviation of the angle of turn in the above 
conditions Vo—Ve=0, 158=9° (this is merely a „mean value“ in the 
meaning given above). 

Assuming P,=1/7 for the benzene molecule (symmetrical flat 
electronic oscillator) and using Feofilov's (1947) value P,—1/14 for 
benzene in glyceric solution at 7— 263? K, we have ô= 0,111 and the 
standard deviation V= 0,894 — 190. 

In some (rather TUM cases the measurements of polari- 
zation can provide us with more exact information about the mean 
squares of the angles of turn and even about frequences of torsional 
-. vibrations than is possible in the general case. 


If we can consider a priori two of the 0l as equal and the third 


one as irrelevant, we can evaluate the two equal relevant 63 by means 
of (19) or (25). If, besides, the corresponding (equal) moments of inertia 
of the molecule and the orientation of the electronic oscillator with 
respect to the axes of the torsional oscillator are known, the frequency 
of the relevant torsional vibrations can be caleulated by means of (13). 
These conditions are fulfilled in the case of the benzene molecule. 
. Any pair of mutually perpendicular axes lying in the plane of this 

. molecule may be considered as the axes of a flat symmetrical electroni: 
oscillator (7',— 1,4-0, DL,—0) as well as the relevant principal axe 
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of inertia (with equal moments of inertia 7,— I,— 1,45 -107% gr em?) 4. 
Thus, the value of ô calculated above (0—60?—2:?— 0,111) is the mean 
square of the angles of turn for torsional vibrations about any axis 
lying in the plane of the benzene molecule under the conditions quoted 
above. The calculation made by means of (13) leads to » —26 cm-t 
for the wave number of torsional vibrations of the benzene molecule 
in glyceric solution about any axis lieing in the plane of the molecule ”. 
There results the corresponding moment of torsion 


t= 102—3,4.107 P em?- gr -sec-?. 


The wave numbers of torsional vibrations found by Rousset? from 
investigation of the external Raman effect in pure benzene crystals 
are ? — 60 and 100 cm~ (doublet). As should be expected, the frequency 
in solution appears to be smaller than those in a pure benzene crystal. 
However, the order of magnitude is the same. 


§ 5. Concluding Remarks. The experimental results so far 
available seem to corroborate the present theory at least qualitatively. 
In order to test all the conclusions of the theory quantatively, special 
investigations will be needed. For the time being we can already state 
with safety that one of the conclusions which can be drawn from the 
theory is established by experimental facts. This eonelusion is: The 
experimental methods used so far lead, not the determination of 
principal polarization, but to the determination of the pseudoprincipal 
polarization i. e. of the principal polarization diminished by the tor- 
sional vibrations of molecules and possibly by the further depolarizing 
factors quoted in $1. 

So far there is no experimental evidence available concerning 
the dependence on temperature of the effect caused by torsional 
vibrations on the polarization and no such evidence exists concerning 
the existence of this effect at 0° K. 
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NON LINEAR EFFECTS IN THE THEORY OF 
QUANTIZED FIELDS II’. 


By Jerzy RAYSKI, Physical Institute, Nicholas Copernicus Univer- 
sity, Torun, and Bronisław SREDNIAWA, Institute of Theoretical 
Physics, Jagellonian University, Kraków 


(received April 23, 1950) 


In this paper elements of the Heisenberg S-matrix for the process of scat- 
tering of light by light under the assumption of interaction with charged scalar 
meson field are calculated. The calculations are based on Feynman and Dyson's 
invariant technique of calculations, described in the first part of this paper. 


1. Introduction 


In the present paper the scattering of light by light is studied 
under the assumption of interaction of the photon field with scalar 
or pseudoscalar charged meson field. This interaction exists even in 
the absence of actual scalar or pseudoscalar particles. We shall treat 
the case when two primary photons produce two secondary ones by 
applying the relativistically invariant technique of calculation of 
Feynman and Dyson described in I. The lowest order of approximation 
giving non-vanishing results is the forth. In this approximation infinities 
do not appear and there it no need to introduce any renormalization 
in the interaction hamiltonian. Our results will also apply, with a slight 
modification, to the case of a single photon breaking up into three 
parallel photons. 


9. The seattering between two photons 


The interaction energy between a scalar meson field and a photon 


field is | 


—A 9 


h=f+9, (1) 


where j 
f=—s,Aa, J= Py" yA} (2) 


1 The first part of this paper being Jerzy Rayski, Non Linear Effects in the 
Theory of Quantied Fields I, which will be referred to as I. 
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and 
s = ieli y —v,v") (3) | 

EN A, is the field i 

DLA 

variable of the photon field. The commutation relations for these 

two fields are 


[v(1),v*(2)] 24(1,2),  [A4(1), 4,(2)]— tôwD(1,2). (4) 
The Schrödinger equation takes here the form (see I, (4), (4), (4”)) 
—i(H4-G)V, l (5) 


y is the field variable of the scalar meson field, y,= 


where 
H= [@af, G— fa ag. 


We assume a state fixed by the requirement that for t— —oo 
there exist two photons and no scalar meson, and look for the proba- 
bility of finding, for t=-++oo, again two photons and no scalar meson. 

The elements of the S-matrix of Heisenberg 


V'(oo) = S''(— co) = (1+ E) V(— co), (6) 
which are responsible for this scattering, are found by the usual per- 
turbation treatment and assume the form 

R=(—1)4 ji d^z, dv, d*a; d4a, f(1) f(2) f(3 ) fa) 
>b h> ls 


tc» f d'a, das dns (f) f(2) g(5)-- AL) K3) + GAA) HB) 


hát 


ORC f dh diw gi ) g(2). 


hh 


Introducing the symbol P of Dyson, we get 
sa 


J tosta) fane 


ET 


d'a, dix, da, P(f( fe )g(3)) 


ES zt dz, da, P(g(1) (2). 


The order of the functions A; is immaterial, since if we change the 
order of the A, we get additional terms with a diminished. number | 
of A,s which contribute nothing to our problem. Therefore we may 
replace P(A;(1).4,(2)4,(3)445(4)) by 45(1)4,(2).4,(3).45(4) ete. 
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Now we must take the vacuum expectation value of the following 
expressions 
<P(8a(1) s4(2) (3) 82(4))>0, <P(8a(1) 8u(2) v*(3) v(3)) 0o 
KP(v*(1) v(1) v*(2) v*(2))2o- 
We begin with the calculation of the first term. According to (3) we 
have for any sequences of time variables (see I) 


CP(s;(1) s,(2) 8(3) s4(4)) > = 

= <(y3(1) v1) — v, (1) v*(1))-(v2(2) (2) — 9, (2) v*(2)) - (9) 
- (y* (3) (3) — v, (3) v*(3)) (2 (4) v(4) —v,(4) v*(4))2o- 

Let us take e. g. the first of the 16 terms appearing in (9) 

Cy (1) v(1) v*(2) v(2) v7 (3) v(3) vz(4)v( 4) 
which may be written in the following form 
Gp (1) y(2)>o <p (2) v(4)>0 YL) v7 (3)5o Q9 (3) v2 (4)2o- 

+<p(1) y¥(2)>o 4910 y(3)>o <v(2) YAO) LYSS) PO)D0+ ete., 
where all the permutations of 1, 2, 3, 4, should be taken into account 
except the reversing of the order of terms such as (y(i)y*(j)», and 


«y*(4) v(j)»y. Introducing the well-known formulae for vacuum expec- 
tation values 


(8) 


(10) 


Q1) v (2) $4*(,2), (2) (10 —44 (052, gy) 
<pa(1) y*(2)>9= $42 (1,2); 
where * 
A 
At = etc. (11) 


and taking the definition of the causal function 4° from (I, (9)), we 


get for (10) 
| Jg (4411,2) 45(2,4) 45(1,3) 42 (3,4) +) 


which, by interchanging the variables 1,...,4, reduces to a single term. 
d 45,2) 45(2,3) 45(3,4) A2(4,1). (12) 
We introduce now some abbreviating symbols as follows 
l (A, u,v, 7) = A$(1,2) 45(253) 45(3,4) 43(4,1), 
l AEAN, 2) 45(3,3) 453,1), 


two indices or a hyphen instead of one index shall denote respectively 
the corresponding second derivative of A* or the function A^ itself. 
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Transforming the other terms in (9) in a similar way and using 
the following formulae 


D4 AT (1,2) 59009 (1p 2) LO E tee 


4$,(1,2) — 
Fu) —9(4,5(1,2) 210 022] dO BEfOFNE C Le 


(13) 


we get 16 terms the fourfold integrals of which, as indicated in (8), 
yield 


et 
d Me, do, d*w, d^v, A,(1)A,(2) A,(3) Aalt) 


{(A, u,v, 2t) —(A, uy vn, —) —(A, uv, —, 7) + (A, uv, m, —) 
—(Au, —,%, 0) + (Au, —, vn, —) + (Au, v, —, n) — (Ap, v, 2, —) 
—(—, 4, ¥, 7A) + (—,u, 9%, 4)-- (—, uv, —, 2A) — (—, wv, 2, A) 
s, ¥, 0A) —(u, —, 90,2) —(us v, —, 2A) + (u,v, 70, A)}, 


(14) 


and, moreover, a sum of threefold and twofold integrals, since we 
may integrate the remaining terms due to the appearance of the 6® 
. functions in (13) 


iet. (ma 
THT fa L d^, A4(1) An(2) A,(3) A,(3) ((4,u,—) — is „l, A) — 
(Au, saa) (45 ,A)} (15) 
4 4 
-5 fa x, dtx, A,(1) A,(1) 4,(2) A,(2) Z€12) 4*(2,1). 


Now we have to calculate the second term in (8) 


<P(sa(1) 84(2) v*(3) (3), = 
Qv; (1) v(1) —v;(1) v*()) (v2(2) v(2) —v, (2) v*(2)) v*(3) 9(3)>o. 
In the same way as before we get the expectation value of the second 
term in (7) as follows 
JE d 4 
—g J Ua, ata, d'w, Aall) AL(2) A3) A) (05 u, —) +u, —4) — 
(=>, uy A) —(Au,—; ee (16) 
et 
A f amit A) A40) 42) 440) 490,2) 472,1); 


the twofold integral occurs due to (13). 


"Ee 
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Finally the calculation of the vacuum expectation value of the 
third term in (7) gives the twofold integral 


4 
-S fae, dix, Ai(1) Ai(1) Aj(2) Aj(2) A°(1, 2) 4*(2,1). (17) 


The sum of (14)—(17) yields the following invariant expression 
for the matrix EK 


4 
R=z f ate, dz, dia, diw, A;(1) A,(2)A,(3) Ax(4) 
-{(A, p, »,%) — (4, a, v2, —) —(A, uv, —, n) + (A, ur, 2, —) 
— (Ap, —,¥,%)+ (Au, —, vn, —) + (Ap, v,—,n) — (Au, v,7, —) 
—(—, us», 02) + (—, My vn, A) + (—, uv, —24) —(— , LY, 7, A) 
+(u,—, v, 2A) —(u,—, vn, A) — (t, v, —, HA) + ( [ly Y, I, A)}, 
Y! 
-£ f dz, dix, dix A41) Ap(2) A (3) A4(3) {(4, u, —) 
— (—4,4) — (Ap, —,—) + Q4) 
4 
JL dix, A1) A4(1) Ap(2) Ap(2) 4*(1,2) 4*(2,1). 


(18) 


In order to evaluate R(k,k,k,k,) we assume A5(1)...A5(4) to 
be plane waves: 


Ax(1)m Aa, e t, A,(2) —A VL etc. (19) 


and take for A^ the representation given in (I, (13)). We need also 
the following integrals along the path C (see I) 


Sona n foe 


popu Less 523i dip ai 


J (pk w 727 1 (PEU pp (20) 
pid*p pid*p E PEG RENS du limi 
pe s JTT Y (01:14 5 M Ne 


p2d*p p2d*p E pid*p Lm 
NI daten Deedes 0 


dtp di 
INI 6" 
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After a rather long computation all the logarithmically divergent j 
integrals cancel out, so that we obtain the finite result 


R= ez*ió(ki--kg — ks — k4) {24an Aap, Ahk Ak 
T Ass Aun, Ade, A Tg, [48H apt 72K ay +6(5k3 — 23) Ly | 
-FA(Rik& — k2 (ki +k) — k$(kt — ke 4-k8)) M] 
A sy A pA fs, A31, [32A auon+ (DOR S BAS) pun (21) | 
-- 8(— KTkt-- ES (kt —3k$ +2k5) +k (kj — ks 4-k8)) T 
-- 2((2k$ --k2) (—k& 4-k$) (1 — k-4- k3) — ki kg (k3—2k3)) Ua 
--9KTKE (kz — 2k) (kf — k2 --k$) V ]+ (k, replaced by k, and vice versa) 
+(k, replaced by —k, and vice versa)}, 


where 


kTkf(2y —1) Lkiks (2y2—LQ0y—y—1) kok (y—aw)(2y—20—1) 
H w= -f dx f du PHA Cals TIERE S talks M 
m? --kikzy 


zo fatta fe was Rm wa a 
v ; : — Q2 Q” =kiutk3v — kow 
L,— f tu fav fao Z7, 
M= fau fav fiw 
Nets i8 du f do f ie ae 
Sam — fad fav faw s 
Tan = fan fav fw I2 
U= fiu fav fw, 
y — fau fv faw rs 
The integrals. given here may be performed numerically for given 
wave vectors kj k2,k$,ki of the photons. The delta function appearing 


in (21) expresses the laws of ponservation of energy and momentum. 
For small values of ki, ki we get the simple formula 


Res 264777 A ap, A 14 A ur, Aur Oki+ kp —k3— k4). 


In this case the scattering is isotropic and does not depend upon the | 
mass constant of virtually created and annihilated mesons. s 
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SOLUTION OF THOMAS-FERMI EQUATION FOR MO- 
LECULES WITH AXIAL SYMMETRY 


by Jan LOPUSZANSKI, Institute of Theoretical Physies, University 
of Wroclaw 


(received June 28, 1950) 


The present paper gives analytie solutions of the Thomas-Fermi equation 
for neutral molecules with axial symmetry at distances very large or very small 
compared with the intervals between the nuclei. In the intermediate region these 
solutions can be combined using an interpolation with polynomials. Such an inter- 
polation admits a determination of constants in the far solution from the boundary 
conditions. The solution at large distances from the nuclei is a superposition of the 
solution for spherical symmetry and a corrective term in the form of a development 
into Legendre spherical funetions. Caleulations have been carried out for the case 
of molecules consisting of two identical atoms. 


1. Introduction and Formulation of the Problem 


This paper, whose theme was suggested to me in Autumn 1949 
by Dr. R. S. Ingarden, is an attempt at an approximate solution of 
the Thomas-Fermi equation in the case of axial symmetry, i. e. for 
molecules whose atoms are arranged in a single straight line, as for 
instance N,, CO,, etc. The intervals between the nuclei of the atoms, 


as well as the charges of the nuclei may be arbitrary, provided the 


differences in their magnitude are not too large. In order to simplify 
the caleulations, we shall limit ourselves to the consideration of the 
case of a molecule consisting of two identical atoms. Yet it should 
be stressed that this means no limitation on the generality of the 
further development. 

Analytical solutions for an atom and an ion with spherical sym- 
metry have been given by Sommerfeld (1932 a, 1932 b) and the nu- 
merical ones by Fermi (1928), Miranda (1934) and Baker (1930). For 


- a molecule consisting of two identical atoms a graphical-tabular so- 
- Jution has been given,by Hund (1932). (See also Gombas 1949). 


The fundamental differential equation of the statistical theory 


of Thomas-Fermi has the form 


A(U—U,)=a(U—U,)? for UU, (1) 
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where a denotes a constant >0, U — the electric potential, and U, — the 
value of the potential at the boundary of the molecule. 

This equation has been improved by Amaldi and Dirac; however, 
within the limits of our approximation it will do to restrict ourselves, 
to the investigation of the unimproved equation. 


The boundary conditions are the following: (a) Conditions at | 


infinity (i.e. the molecule encloses the whole space) 


lim U—lim £2. —0, (2) 
T->00 roo 


r is the distance from the centre of the molecule. The potential and [| 


the electrostatic field disappear, which involves the disappearance 
of U,. (b) in. the neighbourhood of the atomic nuclei both the potential 
and the field must behave like Coulomb’s fields, that is: 


lim rU = Ze lim sU= Ze 

r0 $0 

ee pes ay itte emi (3) 
r0 dr s>0 ds 


where r and s are the distances form nucleus 1 and 2 respectively. 
Now we shall split our problem into three parts: 


1. Finding the solution for r5»! 
2. Finding the solution for ral 
3. Finding the solution for r««l. 


Ad 1. It is assumed that when r increases, our solution passes 
asymptotieally into a spherical solution, and consequently the per- 
turbation caused by axial symmetry diminishes to zero. We may 
assume that this perturbation is small compared with the spherical 
solution for the nucleus of charge 2Ze. Of course, if the interval between 
the nuclei / tends to zero, then the axial-symmetrical correction must 
also tend to zero, which means that the constants in the terms of the 
correction must be functions of [. 

We introduce a new variable U=2ZeV, owing to which the 
Thomas-Fermi equation takes the form 


where J is the interval 
between the nuclei 


AV — AV (4) 


where y,= aJ//2Ze. In accordance with the above assumptions we can 
write the solution in the form : 


V=V,(r)+ wlr, e), (5) 


| 


E 


d 


4 
£ 
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where V,(r) is the spherical solution, w(r,g) — the correction. For 
the spherical solution we take the expression 


- 14 
0 — yit 


(6) 


given by Sommerfeld (1932 b), which satisfies the equation as well 
as the eonditions at infinity, but does not satisfy the conditions in the 
neighbourhood of the nuclei. It yields a very good approximation 
for r's large with respect to l (e.g. for nitrogen (Z— 7) for r>18l). 
The introduction of a more accurate spherical solution of Sommerfeld 
does not, apart from mathematical complications, bring in any essential 
changes in the form of the solution. 

Ad 2. Mathematically this problem is the most difficult of the 
three, and we shall take it up in the latter part of this paper as 
a problem of bridging the gap between solutions 1 and 3. 

Ad 3. In this case we restrict ourselves to the neighbourhood 
of one of the nuclei. Of course, analogous reasoning may be applied 
to either of the nuclei separately. 

On the basis of the results of the researches of Hund (1932), 
who has ascertained that in the case of a molecule consisting of two 
identical atoms, the solution is approximately equal to a superposition 
of the particular spherical solutions for each atom separately, we 
assume that the potential sought, has the form 


U — ZeV ,4- ZeV,4- Zew, (7) 


where V,—V,(r) is the spherical solution for atom 1, V,=V,(s) is the 
spherical solution for atom 2 and w-w(r,g) is the perturbation. We 
also assume here that the perturbation caused by the influence of 
the other atom, and expressed by the term V,+ is small compared 
with V,, and vanishes together with the derivative with respect to r 
at r=0. : 
For V, we take the solution in the form of Miranda's development 
| (1934), whose accuracy is estimated to be of the order 10. This solution 


| satisfies the boundary condition at r=0, and is convergent for very 


| small r (e. g. for nitrogen r< 0,231). 
For V, we take the spherical solution of Sommerfeld (1932 b) 


1 E^ 
Vals) =~ (1+ Bos)? (8) 


where f,,4,4, denote positive constants. This solution still yields 
a good approximation at the distance 1, for elements heavier than ni- 
trogen (e. g. for N for 731,15 l). | 


I 
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While the solution for large r is of great physical importance, 
this is not true of the solution for small r's has which no practical 
physical meaning, since the statistical theory is not applicable to 
descriptions of the internal atomic processes. Yet this solution is in- 


[ 
i 
) 
f 


dispensable for us, since it will admit of a determination of constants | 


appearing in the terms of perturbation in the solution for large r. 


2. The Solution 


(a) for large r. We assume that 
(rp) - 2 EF, (9) 
where R,— R,(r), Fi=F (yp). R: must vanish more strongly at infinity 


than r-+. 
If we take into consideration the inequality 


|Vo()] >> jwr,g)] (10). 


as well as the fact that V, satisfies the Thomas-Fermi equation in 
the case of spherical symmetry, then 


AV ,4- A AR v(Votd R,F)* (11) 


on developing the brackets according to the binomial formula of Newton 
and neglecting the higher terms, will read 


12 
yrs 


A DRE = HVS SRF, V= (12) 


A sufficient condition for the solution of this equation is that for 
every i=1,...,.” 
18 
AR, F;= a RF; (13) 
should be true. 


(b) for small r. Before we pass on to the solution, we shall point 
out that 


T 


V, = — 
s(14- m. 


(14) 


ean be developed in a power-series with respect to r, since 


i ^ 
s$$—17?--?—2rlcosp and r<s,l. | (15) 
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The Thomas-Fermi equation reads 
AV +V + w) = yo(VitV2+ w)? (16) 


where yo aVZe. Denoting V,+w=v we assume that this expression 
can be represented in the form of the series 


Dd) Ri(r) F(p). (17) 
t 
In a similar way we obtain the equation of the form 


Avo —4y, Vito (18) 


where V, denotes Miranda’s solution for spherical symmetry. 


(c) for large and small r. In both cases we look for a solution for 
AR(G)F(g) =47,Vj (0) B(r) F(p) (19) 


where i,j=0,1 and ij. Carrying out the separation of variables 
we obtain two ordinary equations depending on a single parameter 4: 


for F: F’’+ctg yF’+(A—18)F=0, (20) 
d[,d 
for R: J (na; E) Là 18 +R — 0 (21) 


where f(r) =y; V} (i) 
The equation for F i$ the same for small as for large r’s and we 


shall try to solve it first. 
The equation written in variables cos p= é has the form 


(é2—1) Ë+ 2f — (A—18) F=0. | (22) 


This equation belongs to Fuchs's class and has 3 regular singular 


be regular in the interval 0<|é|<1. They are found to be Legendre's 
polynomials (Courant-Hilbert 1937, p. 281, Smirnow 1949, p. 379). 
In this manner we have imposed on A the condition 


A=n(n+1)+18, , (23) 
; j F 
"where n is.an integer or equal to zero, i.e. A>18. We shall now pass 
^on to the solution with respect to R, and in particular for large v. 


| 


— 


points, viz. at.£— —1, +1, oo. Let us look for such solutions as would 
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The equation 
rR’ + 2rR' — Ak — 0 (24) 


belongs to Fuch’s class and has two regular singularities. It is a known 
Euler equation. Its solution is obtained immediately 


i Ort Vi) — Cort (Vi) | (25) 


Two conditions must be fulfilled: 1) the exponent must not be complex 

(periodicity), and 2) it must not be larger than —4. Writing C,=—90, 

and taking into account that A>18, the two conditions are satisfied. 
The solution has assumed the form 


R= Crim- VF 1218. (26) 


Combining the results obtained for F(p,å) and E(r,4) we can 
give the first terms of the development of the perturbation w 


w= Áqr—59-- A,r— cos p+ A,r-9*? 1(3 cos? o —1) + (97) 
+ 437-8 4(5 cos? 9 —3 cos y)+... 

In the case of a molecule consisting of two identical atoms (the 
ease in question) the terms containing odd spherical funetions must 
vanish because of symmetry. Thus A,, As, Àonj4,... disappear 

For molecules consisting of non-dentical atoms, where enantio- 
morphic (mirror) symmetry is not present, these terms need not vanish 
of course. ds 


"The quantities A; are specific electrio momenta; they depend . 


on the properties and the geometry of atoms and on their relative 
positions. In order to compute their numerical values, a solution in the 
neighbourhood of the nuclei is needed. < 


Of course-our solution does not RAM the VN E condimus | 


for r=0 and s=0. 3 
We pass on to the solution with respect to R Jor mu e 
The equation has the form 


d 


where i i 
3 i - T j : 
- {(r)=$yo Vi; w=A—18; © 


V, — Miranda’s approximation in the form of the following development 


inii du 4 TEN la | xod 
V, => ay +5 rot — aprit n+. anib>0. (29) 


5 (e) lt ftn o sagi 


a 
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For the purpose of calculation of Vi we develop it by Newton’s 
binomial formula, and restrict ourselves to the first two terms of the 
development, dropping the terms which are smaller than jatyiri. 
In order to remove the fractional duco of r, we shall introduce in the 
development a new variable s=r?. With this variable and after svb- 


stituting the DE TEE with peepee to yi the equation assumes 
the form 


SRH 3s Reg 938? + g585-1- ges? + ore Je (30) 


where gs are constants dependent on u,a, Yo. 

: This is an equation with singularities at $ —0, co, but it does 
not belong to Fuchs’s class. It has a regular singularity at $—0 (the 
theorem about the poles of coefficients (Bieberbach 1930, p. 206), 
and therefore at least one of its fundamental solutions can be repre- 
sented in the form 


E —8 Y a,8^. (31) 
The fundamental equation reads 


e(e—1)+3e—4u=0; oy,=—14VI+4e=—14(1+2n) (82) 


since 4 —n(n4-1). Thus for e we obtain integers, which means that 
only o with a larger real part yields a solution not containing In s. 
Thus we take 

wal e (ner (33) 


If a, is an arbitrary constant, the remaining constants are de- 
termined using the method of undetermined coefficients. We shall 
further denote a, by h,-— an arbitrary constant. 

Thus 


Ry =hyt®(1+ agar! + agar? + Ogu? + aga rir ...). (34) 


Combining the two results obtained for R(r,n) and F(y,n) we 
obtain for v 
v — hg To + hr cos pT, + 3h4r*(3 cog? p —1)T, (35) 
l + 4 hy? T (5 cos? o —3 cos g)- ... 
- where 


ae 1+ A, ( (n)ri + aun diis 


Th the solution with respect to v appear the arbitrary Gnirant: 
ha, normalizing the form of the solution. They are defined by the. 
| ee conditions. In our case only two constants can be defined 
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by the condition at r=0. But, up to now, we have not made use of : 
our physical — and therefore the most important — assumption, namely f 
that the form of v is to a gréat extent influenced by V, (Hund, 1932), 
while w is merely a slight correction caused by the deformation of the 
field. This physical condition replaces our boundary conditions; it 
admits for a determination of further constants, by reducing w to 
a minimum. 
Since V, is of the form 


{0o + Co, 1? + Cg T5 - ...}+reosp (C, 4- Cr+ Cyt ...} (36) 
+72 cos? p (C, 4- C441? + Cort ...) +7° eos? p (Cs - ...] H- 


so the condition for ieee hn is that. hj— €, and hi Cy: 
r>0 ro ar 

Examining the convergency of the series Tẹ it appears, that 
beginning with a, they are the alternating Leibniz series, and as 
such have the sum of the series smaller than the term a, (the first 
eight terms have been examined). Since a3, « 2, the first term exceeds 
by its value the remainder of the series. Thus writing successively 
h,— Ca, h3— €4 etc. our assumption is satisfied. 

Then the development with respect to v assumes the form 


=O (L agg rt Haor? +a + ...) — 4 C,7*( --assr? + agri + ago T3 + ...) 


-- Cr cos o(1+a,37?+ ...) — 3C,r3 cos e(l agri y (31) 
+ 0,72 cos? p(l agr? + ...) E ies 
047? cos? g(1-I-agsri + ...) —...+ 


3. Final Remarks 


To sum up the results obtained: 
We have-arrived at a solution at a large distance from the nuclei 


(in the interval where Um 


gus d$ good approximation) 


2Ze-144. 


HIE ee 


+2Ze (45 +5 +— 2 cosy +5 aie cos? y—1) 
(38) 
yf ig cos? gp —3 cos g) +»), 


às well as a solution at a small distance (where Miranda's rar is 
a good approximation 


U,=Ze(V,+V,+w) = Ze (Miranda’s development 
+ Col) — 1 C,r*T,+C,r cos pT, — 30,73 cos oT, . (39) 
+ ..-—+ gr cos? pT, —+ ...—+ C75 eos? o T, — +...) 
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Now we should determine the constants in the development Up. 
This is a rather difficult task, since the course of the potential in the 
part r~l is unknown to us. But we shall bridge this gap by using an 
interpolation. That is, we shall take both the solutions, the far U; and 
the near U, at the boundaries of their validity in the direction of the 
negative and positive polar axes in rv; and fa. In this direction the 
g-angles of the sets (y,r)y and (g,r), fall together and are equal to 0 
Or 2. 

The „bridge“ over the region between Up and U, is built up 
of a polynomial of the n-th order, whose values at the points r; and rn 
as well as the values of its derivatives of the n-th order should agree 
with the values of the functions Up and U, and their derivatives, 
including the n-th one, at the same points. 

In this way we obtain (2n 4- 2) linear equations for (n+ 1) A;-values 
as well as for (n--1) values of the coefficients of our polynomial. 

For an interpolation at angles other than 0 and z, we should 
take for each direction two sets of linear equations, placing the origin 
of the set once in one nucleus, and once in the other, and then taking 
the mean. 

To close this paper we shall give a general picture of the course 
of the potential. At large distances from the nuclei the solution appro- 
aches the spherical solution for an atom with nucleus of charge 2 Ze 


(more generally e; Zn): The larger r is, the smaller is the divergence 


from spherical symmetry. As we approach the nuclei the divergence 
increases, and there follows a deformation of the sphere into a cylinder 
narrowed between the nuclei. The incision becomes deeper and deeper; 
till at last the equipotential surface is torn in two parts, each of them 
. surrounding one of the nuclei. These surfaces resembles spheres, a little 
deformed in the direction of the polar axis. This deformation of spher- 
ical symmetry is described by (V,J-w); as we approach the nuelei 
|J the correction decreases to zero. Thus the largest deviations from 
- spherical symmetry lie in the region between V, and V;. In this region 
- we have a continuous transition between spherical and bipolar sym- 
metries. In this region we can no longer assume that the correction 
w is small compared with v,-+ Vg Or Vg. M» di 
I wish to express thanks to Dr. Roman Ingarden for his valuable 
- instructions and help, and especially for the idea of calculation of 
í the A;-constants using interpolation by polynomials. 


| 
E. 
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OUTLINE OF A GENERAL THEORY OF ATOMIC COL- 
LISIONS. PART I. COLLISIONS OF ONE PARTICLE WITH 
A SYSTEM OF PARTICLES 


By R. KOLODZIEJSKI, University of Warsaw, Warsaw 


(received June 30, 1950) 


An outline of the general non-relativistic theory of collisions of one particle 
with a system of particles is given, based on the most simple example of collisions 
with a hydrogen atom. The wellknown approximations follow from the general 
theory after introducing certain simplifications. The meaning of the phase shift for 
the wave function of an elastically scattered particle is extended to the case of 
unelastically scattered particles, and a general formula for the phase shift is deduced. 
In the case of large velocities of the colliding particle, the general formula for the 
phase shift tends to become the phase shift formula given by the Born approxima- 
tion. For elastic scattering by „spherically symmetric rigid potentials“ the general 
phase shift formula is identical with the well-known phase shift formula for this 
special case. Some new procedures are given for approximate calculations of scatte- 
ring processes in the case of medium velocities of the scattered particles. The main 
advantages of the proposed theory are summarized. 


Introduction 


The general problem of the collision theory in the non-relati- 
vistic approximation can be reduced to the problem of finding 
solutions with proper boundary conditions of the corresponding Sehró- 
dinger equation. In the course of the historieal. development of the 
eollision theory, there has been little attempt to formulate a general 
systematie theory of collisions. Such a theory should start with the 
most convenient form for the solution of the Sehródinger equation, 


and should show how the known approximations (Born approximation, 


distorted wave approximation, rigid potential approximation) follow 
from the exact formulae when some quantities are neglected as small. 


Tt is intended here to fill this gap (Mott and Massey 1949, page 133) 
in the development of the collision theory, and to give an outline of 


a general method of solution of the Schrédinger equation which ean : 
also include radiative collisions. To simplify matters, the working © 
of this method will be illustrated here on the example of a collision 
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of one particle (R) with a hydrogen atom. In non-relativistic approxi- 
mation this scattering process is described by a wave function Q(E,E,r) 
which is the solution of the appropriate Schrödinger equation and 
satisfies boundary conditions characteristic of collision problems. The 
wave function Q(E,E,r) depends upon the arguments E,E,r which 
denote respectively 
E — total energy of the system (#,7) composed of the incident par- 
ticle (Æ) and of the hydrogen atom, 
R — radius vector of the (#)-particle, 
r —radius vector of the hydrogen electron (r). 
We assume throughout this paper infinite mass of the hydrogen 
atom t. 


The boundary conditions prescribe the following asymptotic 
form for the wave function Q(E,R,r) 


OB, Br) (S4 fon, ET (1) 


where the symbol > + “i j denotes summation over the discontinuous 
part and integration over the continuous part of the complete set 
of unperturbed wave functions? y" (7) of the atomic electron (r). 
The functions Crul Kn, R) are, for R—>oo, of the form 


iK,R 


Qr Kn) B) — Onne O + —— fr (a), (1a) 
R->oo (ER 
KK, here denotes the momentum vector K,—Mv, and K,—K. This 
asymptotic form gives the angular distribution of the scattered (JR)-par- 
tieles with the help of the relation 
I7 (o)dc zx pu o)[ do, (2) 


where I5,(o) denotes the number of particles with initial velocity, v 
scattered between the solid angles œw and w+dw per unit time. 


The main problem of the collision theory is, therefore, to cal- 


culate in the asymptotic region R—oo the function Q7 u( AK, B) de- 
scribing the scattered (R)- -particle which has excited or ionized the 


given state n,u,m of the scattering system, in our case — of the 
hydrogen atom. 


1 When the mass M of particle (R) is of the order of the protonic mass the re- 
duced mass of the proton and the particle (R) is to be used. 
* n, w, m are the quantum numbers of the atomic electron (r). 
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The usual procedure is to expand the wave function Q(E,RE,r) 
according to the set of unperturbed wave functions x7 (*) of the 
scattering system (hydrogen atom), and to evaluate fnulœ) in expres- 
sion (la) by assuming that Qny( Kn, R) represents throughout the 
R-space the wave function for the (#)-particle which has excited 
or ionized the given state n, u, m of the hydrogen atom. This assumption 
in the calculation of collision processes is expressed by the fact that 
while solving certain integral equations we usually neglect under the 
integral sign all terms in the expansion of Q(EZ,E,r) with the exception 
of the first one (case of partial cross-section or Born approximation). 
Such a drastic approximation procedure amounts to complete omission 
of the ,,polarization effect". By ,,polarization effect" of the scattering 
system we mean the deformation of this system due to the collision. 
To see that the polarization effect is not taken into account by all 
the well-known approximation procedures of the collision theory (for 
instance, by the partial cross-section type, or by the Born approxi- 
mation type), it is sufficient to observe that in the ,,collision region", 
where the interaction potential of the incident particle (Fè) with the 
scattering system is not neglibly small, the coefficients QUI, R), 
for instance, of the expansion 


QUE, Rr) - (S + f 2m E pBz) (22) 


do not represent elastically scattered wave functions of the (&)-par- 
ticle. The wave function of the scattering system in the collision region 
is deformed or polarized and, therefore, cannot be répresented by the 
unperturbed ground-state eigenfunction 4} (7) of the scattering system. 
"Thus, in the collision region, the wave function for the total (R,7)-sy- - 
- stem should include all terms in expansion (2a) in order to take into 
full account the polarization effect. However, in this paper another 
method is proposed to deal with this polarization effect. This method 
seems to be especially useful when we do not know the mathematical 
form of all these terms or, at least, do not know the mathematical 
| expressions for a sufficient number of these terms. Therefore, the use 
| of the proposed method of calculation which include the polarization 
effect replaces, in the most important cases, an infinite number or, 
in practice, a large number of not well defined terms of expansion (2a) 
by only a few terms of the new, different, expansion of the function 
Q(E,R,r). These terms: are usually better defined for nuclear collisions 
than are the terms of expansion (2a). This new expansion consists 
in developing the function 2(£,R,r) according to a properly defined 
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system of partial wavelets * for particle (.K). As this system of partial | 
wavelets is of a mathematical form which takes into account the] 
spherically symmetric part of the interaction potential between the] 
incident particle (Fè) and the (#)-particle of the scattering system, | 
the development according to this system is especially useful for} 
,medium velocity collisions“. By this term we mean those collisions} 
of the incident particle (JE) for which its velocity is of the same order} 
of magnitude as the velocity of the scattering particle (r). From the} 
classical point of view it is obvious that in the case of medium velocity } 
collisions the polarization effect of the scattering system is the largest. $ 
When we assume the mass M of paticle (Fè) to be of the same order 
of magnitude as the mass of particle (7), then the colliding particle (4)! 
penetrates with medium velocity sufficiently deep into the scattering} 
system, and remains there sufficiently long to cause a strong polari- ) 
zation effect. Applying the new development of the function Q(E,E,r)| 
to the collision calculations, it can be proved that for ,high velocity] 
collisions“ the polarization effect is negligible, and the new expansion f 
gives, after some simplification, the same result as the old one, i. e.,! 
the Born approximation. 

. The new development of the wave function Q(E,R,r) presents 
some advantages, especially when we have to deal with nuclear col- 
lisions. In this case, on account of the very short range of nuclear 
forces, the series expressing the function f5,(vo) in (1a) are quickly 
convergent, and very few terms are necessary in our new expansion. 
In eonnection with the above, the approximation procedures here 
given seem to be better adapted to the mathematical treatment of 
„medium velocity nuclear collisions“ than the old methods which 
were based on general properties of atomic structure (weak interaction 
between electrons) and not on properties of nuclear structure (strong 
interaction between nucleons). In the language of wave mechanics, 
Niels Bohr’s main objection to the introduction of the old methods 
of calculation into nuclear collision problems was that the old methods: 
start with unperturbed wave functions for (R) or for (r) particles, 
or for (R) and (r) particles together, and therefore neglect, in zero- 
order approximation, the strong interaction. between the nucleons. 
This is permissible when the interaction is small, as in the case of col- 
- lisions with atoms, but is surely incorrect in collisions of nuclei. To 
deal with nuclear collisions we must from the very beginning, i. e, 
already in forming the zero-order approximation, take into account 
the interaction between the particles. In this respect the approximation | 
procedures outlined in this paper are more correct than the older ones 


3 See Appendix A. 
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Seattering of a particle by the hydrogen atom 


The Schrödinger equation for a system (R,7) consisting of 
a hydrogen atom and an incident particle (#) can be written in Hartree 
units in the following form 


(anem Lx -geur: dece. ; Je (E,R,r)=0, (3). 


where Ap and 4, are Laplacians for particle (œ) and the hydrogen 
electron (7) respectively. K is the initial momentum of the incident 
particle (R), M — the mass of this particle, E — the total energy 
of the system; «=z for negative, and e— —2 for positive charge of 
the (#)-particle. 

We assume an approximate solution of (3) in the form 


Ó(E,R,r) Ms 284-1) P, (K, Rjr) P,(cos On) ee" g(r) — (3a) 


s=1 


and introduce the definition ¥ (At) = pete? p (r), where V, CE ,m) 
are the functions which can be considered as S in the expansion 
of G(E,R,r) according to the orthogonal system of functions O,(K,E,r) 
given by 


o. Rn-J/27 xg 5 +1) iF K,R,r)P(cos 0g). (4) 
The functions p ,CK,R,r) are the products of spherical harmonics, 


functions of the angular coordinates-of particle (R) and of the functions 
F,(K,R,r) defined by the following relations 


yit | 1) 1 h 
5s +5 — 4 K2MeV (Ryn) | frac meta eo 
| where: 
TAR]. 
Ea e Te 
VAR" E S 


The. potential V4) is the first term of the expansion of the poten- — 


0 for Rar. 
tial 


u ri z in terms of spherical harmonics. 
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Boundary conditions for the functions * F,(K,H,r) are | 
F,(K,R,r)>0 for R—0 (6) | 


2(s-l-1 
PR) > E Nr EE [xn “EES | 
Roof T 4 


‘ . 2(8 + 4/2) +1 " D 
dox d S Xon j -|/ sin {KR : mS ter), 


where o,(H,7) play the role of phase shifts. 
The factors N,(K,r)in expression (7) are defined by the normali- | 

Zing conditions 

KI 2 

f at | Edt, Rr) Fc, R,r)àR — 1. (8) 

[n NT 
2 

The functions F,(K,R,r) are real (see Appendix A). 
From formulae (423), (5), (7) and (8) we get 


NE, r) = e-iosQcn, ‘a 
where | | 
cs(.C,r) — arc sin _—to( Kr) s 
1 +2,(K,r) " 
o,(K,r)=are cos door) 
1+ 20,(K,7) 


The coefficients of scattering are given by ë 

—WrVERI,41,(KR), K Rf UG R,r)) 
WrVKRHS}y,( KR), KRf,(K,R,r} |por 

The symbols WrVKRI,41,,KRf.} denote the Wronskians of the 


functions VKRI,,1,(KR) and KRf,(K,R,r) with respect to R. The 


functions VERI, SER) and AREf,(K,E,r) are regular solutions of- 
the following equations 


L WER s+ +) aie E l Ij (KR) 


os Kr) — (11) 


HQ y(K die Re H$) (KR) 
2 I, 4( KR) e 
Hy} ,( KR)’ 


L, KRf(K,R,r)= n rs xpi MeV Br) — E sod KR R,r) 


——K?KRf,(K,R,r). 


t Appendix A. Formulae (A. 11) and (A. 14). 
5 Appendix A. Borg (A. 18). 


(13). 


(7) | 
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Wat K RH, KRf,) in the denominator of (11) denotes the Wron- 

skian of the outgoing solution of equation (12) and the regular solution 

of equation (13). Both Wronskians in (11) are taken for R=r. 
Insert expression (2) into equation (1) and use the expansion 


es = oan [| Picos Or,r) 


SV Si tg (14) 
= J Wee [m] [in], im(pg—y,) 


where the symbols BI denote functions defined by 


Ey for AT 


RV Ir\r 
H a rM Su 
JU TOrAS 
rata 
Then 
c “$s 9 y P 0; 3? 2 9 K? 
Dee en) var) Pacos 69) r+ ERT 
s=0 
ji 1 
—2MsV Ry) 3 PAGE) x 
n ARMS VIG 
EE (2s L1y Vr) P,GC, Rr) P.(cos on) S | Picos Op,r) (16) 
s=0 j=l 
Mox 3 : ; K2\ 2 
=— Fp D 0D P,(cos a9 [ric Rin en (eg) P(r) 
= 


xl 2 ə 
4- Pr) rs tz 5| FK Rr) +280) = FAK} 


All the terms of the first sum on the left-hand side of equation (16) 
vanish on account of equation (4a). Multiplied on the left by 


 F(K,R,r)P(cos 6p) and integrated over the interior of a sphere of 


radius Z, equation (16) gives, on account of the orthogonality of the 
Legendre polynomials, the following system of equations 


K? 2 
TAE Zr) m (sr) +7] P(r) — —Bi(K, Zr) Vr) 


2M 
— aug zy in) 20402, V PAY) (17) 
co |It/l>s- ! H 
+> oh (28 -+1)i*'P{(cos 0g) J P,P, Pd cos Op DL UC Zr) PT), 
j=1 |l-Jjl<r —] 
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where i 
Z | 

Aj(K,Z,r) = f PUK, Royan, 


0 


2? 
Bul K,Z,r) = f raten 7a FC fer) dk, 
ae (18) 
Q . 
Ci ( K, Zr) = fran 5, PUK, Br) dk, 
0 


Z 
Ry 
CAD = 1r F(K,R,r) | p PAK Rag. 
0 


Evaluating the limits (see Appendix B) 


im PST S UK) — xs fi EK Ryan, 
lim M EZ —>V_(K,r)=0, (19) 
tim Bate U4,(K,r)=0, 
we obtain finally equations (17) in the form 
[4-+2(B— zz rem = UW Kr) VAR). (20) 


The system of equations (19) can be solved in spherical coordinates. 
Putting 


V(1) = gir 7) PP (cos 6,) emor, (21) 
we get 


d? ETG a 1l ] 


The approximate solution of (22) may be found by special assumptions 

concerning the velocity v and mass M of the incident particle. We 
here assume that the system (22) is solved and that the functions WV. V.) 
are found with the required degree of approximation. Our solution 
of equation (3) is determined by the given experimental conditions. 
These conditions suggest the following asymptotie form of this solution 


ER n> S(S +f) xs Qm) b. (23) - 
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where Len D 4 
XEN R)— h? (Kn, R) P" (cos 0p)e""r, (24) 
17 (T) =YnulEn, T) Pi (cos 0,) er, (25) 
dU nis K? 
B= say t Sm B= sap tEn 894-4, — Uu. (25 a) 


The asymptotic form (23) expresses the fact that in all experimental 
arrangements the scattering particle (Æ) is observed at a great 
distance R—-co from the collision center (hydrogen nucleus). For these 
large distances the interaction between the incident particle (Æ) and 
the hydrogen atom is sufficiently small to be neglected. Thus, the 
situation observed experimentally can be described by the sum of 
products of non-perturbed atomic wave functions x7 (v) for the 
electron and wave functions X77() for the scattered particle. The 
functions X%7'(R) correspond to the given excitation of the state 
(n,u,m) of the atom. The sign (> + f ) has the same meaning as in (1). 
The functions x7 (7) are descrıped in a unique manner by the main, 
the orbital, and the magnetic quantum numbers n, u and m, respectively. 
Equations (25a) express the conservation laws of energy and angular 
momentum for our (R,r)-system. S), l, Uo, denote the initial and 
final values of the angular momentum. vectors for the (R) and (v) 
particles, respectively. The asymptotic form (23) of our solution (2) 
must be consistent with these conservation laws. That this is really . 
the.case can be seen immediately for the energy conservation law 
from definitions (24) and (25); the angular momentum conservation 
law may readily be inferred from the phase shift formula which will 
be deduced presently. Multiplying equation (3) on the left by xyz7(), 
and integrating over the space 7, we obtain : 


C ; : 1 
(A 23S) fummo Ren) de, + 2M fona. 
1 Mid | 
+; D(E,R,r)dr =2Me f xem) | zx o(E, R,v)dr,. 
In equations (25) and (26) n denotes the energy of the atomic electron 
in the state n,u,m, and dz, is the element of the r-space. M 
From the behaviour of the functions x (r), Ø (r) at the origin 
of the coordinate system. and at infinity, it is possible to show with 


(26) 


the help of Green's theorem that ê 


am femore t otn, (27) 


L 


| : : 
-u f DE, Ra) [4-67 ne. 


O i 
e See Appendix A. 
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The right-hand side of this equation vanishes, since the functions “amr )! 
are non-perturbed wave-functions for the atomic electron and fulfill | í 
the Schrödinger equation for the hydrogen atom. Equation (26) then f 
takes the form | 


{A,+2M(E—£ ) » fx *n(»)Ó(E, Rv) de, 


1 1 
=2Me fs cee el) Ene OL, R,r) dr, 


With the help of relation (23) it is easy to show that for the above 
mentioned reason we are only interested in the asymptotic form of | 
the solution of equation (28). For R->co we have | 


=0 


fe mr) D(B, R,v)d: oS xen R)=2",(R). (29) | 


As a result of equation (3a), page 227, the solution of equation (28) 
for R>r—co has the following form 
jeg )O(E, Rr) dt, ó, iln oe oR 


es p (30) 
Menanda HQ, CR) xen sin nem P (cos OR). 


Thus we have, on account of (29), (30) and (A.5) the following 
asymptotic expression for Qr, 


1 = ibm t 
x 201 )e"^^ sin ym P (cos0,). (31) 


I—0 


QTE) — dua is OR 4 P 
4 Ræ 2 R 
Using the definition 


| l« um 
fm (05) =y > (21--1) "^ sin nem P (cos 6,), (32) 


l=0 


we can write expression (31) in the following form 


m cn cos Op 
Q na B) Omne indi Pm nu ÔR). (33) 
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It is known that the required solution of equation (28) may be written 


m ; " 2Me eiKa|R—R'| 


xam rs [008 nin 


(34) 


For the region R >R’ use the expansion 


eia R—R'| 
[R—RE| "^ Py iut 2K, c go nl 2K, gg plius BR’) P(cosOppr’). 


(35) 


Then the general formula for the phase shift y?" becomes, after com- 
parison of equation (34) with expression (30) in the region R >r—>co 


en sin nf —=— pT dt JSV SER Ty ER EUR —r | -gpeun 


i— ! j 3 í ; 
CTE eR Ow, B ,T) (—i)P (cos 0,,) e"? sin O p dO p AR'dy py - 


The above formula may be written in the more explicit form 


x 


jut-ul>j IHjl>s 


> (28 1-1) (—$ v f tana ) 
Ju—ugl <i lIs 


«f Jenner t Iz]- 0/2 rac roam rdr (37) 


+1 


(j —|m|)! (7—|m])! f Imp. pimi 
sre ka Ua US D P,P,P,d cos 0p | Pa P;Pu, d cos 6,. 
G Fm Fm JT Y d 


pr. . 2n Me 
e Ln sin pee 


—1 


For large velocities v of the scattered particle (.K) we have, due to (4), 
(5), (18), and (A. 25), the approximate equation 


O(E, Br) week om On ym - (88) 


Because of (36) the functions fnu(cR) will be approximately given 
by the following expressions . | 


—2 Me xs xol ‘al à E e ^ 
fr onn e f f (KRA L E (80 


which are identical with the formula for fnu(@r) deduced by means 
|. of the Born approximation. In the case in which the velocity v and 


I 


B 
i 
i 
|a 
| 
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the energy of the scattered particle are small in comparison with the 
velocity and energy of the atomic electron we have almost exclusi- 
vely elastic scattering. In this case we can apply the rigid potential 
approximation (method of partial cross-sections), assuming the wave 
functions g,(1), 7?) for the electron (r) to be identical with the wave 
function Heat) for the ground state of the atom. This assumption 
leads to F,(K, R,r)-fanctions which are independent of the parameter r, 
and (36) becomes the well-known formula for the phase shift of the 
rigid potential approximation. Thus 


h , 2 
sinmge=— fl 551 uu UR) oe /2 ri K,R')dR', (40) 


Te) 


where the potential Uk is given by 


1 
? Me J PIG een zl des (41) 


It is easy to give an outline of the ee methods for collision 
problems on the basis of the general collision theory given above. 
For collisions in which the velocity of the incident particle is greater 
than the velocity of the particles of the scattering system, it is possible 
to establish a method of approximation. for the computation of phase 


shifts for the wave function of particle (R), taking.advantage of the | 


following approximate identity 


= KR K,R,r)~ LW nar VER HQ KR} VER LUCR) 


: | 
—= VER HY KR) x f VER IKR) Ver) KRY KR)" (42) 


AVERIL 4y,(KR)X mx f VER BO KR')V,(R',r) KR' fU Rr) an). 


With a proper choice of the lower limit a of the integral, the expression 


VERH, (ER) X Wa ERI, UR), KR},(K,R,r)} which has been | 


omitted in (42) represents a negligibly small quantity in comparison 
with the remaining terms of (42). 

i The identity (42) with respect to the variable R can be tre- 
ated as an integral equation for the determination of the functions 


KRjf4 K,R,r). Solving this integral equation by the iteration method - 


of TTA Neumann, we get expansions of the KR f UE, R,r)-funetions — 
in ascending powers of e/v. The quicker these series converge, the 
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greater is the velocity of the incident particle (R) in comparison with 
the velocity of the (7)-partiele of the scattering system. Using these 
expansions of the XKRf,(K,R,r)functions, we obtain a scheme of 
approximation for phase shift computation when v1. 

For collisions of the „resonance type“ which can be characterized 
by the inequality 
2Me 

T 


1 


2 
g jl 
2Me 


(43) 


where 7 denotes the mean value of the radial coordinate of the hydrogen 
electron, the functions KRf.(K,R,r) satisfy the following approxi- 
mate identities i 


KR f UE, R,r) &2RWg {V8 Me R HO, (V8 Me R), KRIK, Rr) Loss (V8 MER) 
2Me 


ra 


y 


Er VETTER n, (V53F) j V8 MER K Rf, UK, R',r) Dy (V 8e )aysMeR 


+Izs41(V8 MER) f V8 MER HO, 8uegm)kR?f(K,R'v)dfSMeR|, -(44) 


where z—J/8MceR, v, —|/8 Mea; a,=V8Mer. These functions also can 
be found by means of the above mentioned Liouville-Neumann pro- 


cedure, which in the case of ,,resonance collisions“ gives an expan- 
sion of the functions KRf,(K,R,r) in terms of ascending powers of 


(r) A 2Me. By „resonance collisions“ we mean a type of col- 


lisions in which the absolute value of the energy of the scattered initial 
particle is of the same order of magnitude as the potential energy of the 
incident particle. 
Using the above mentioned expansion in our general collision 
| theory, we obtain a scheme for approximate computations of phase 
shifts for ,resonance collisions". 
| The generalization of equations (36) and (37) for phase shifts 
in the case of collisions with systems composed of many particles is 
obvious (separate coordinates for each particle of the scattering system, 
instead of the coordinates 7, 0,,g, for one electron in (3a)). | 


General conclusions 


$ £ r 
It is obvious from the above calculations that (3a) is only an 
approximate solution of the Schrödinger equation (3). It does not 


| 
| 
correspond to the given value E of the total energy of system (R,7) 
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(cf. equation (25a)). Inserting solution (3a) in equation (3), we get 


the system of equations (18), which determines the coefficients K,r) | 
\ 
| 


in expansion (3a). This system is fulfilled not for the energy E—K?/2M 
of the ground state of the atom, but for the following values of the 
atomie energy 


K? 
E+4— 7 


K2 
eS, UE 


M’ 
where 4, denotes the increase of energy of the scattering system due 
to its interaction with the partial streamlets (Appendix A, page 237) 
of (R) particles, corresponding to the partial wavelets ®,(K,R,7); 
A, is in general small in comparison with H—K?/2M. This is a conse- 
quence of the small value of the perturbing potentials Uj(K,r) in 
the equations of definition (18). 

Taking into account the equation for energy conservation 


Ki | 
=> 4r iv: 


we can get the following form for the second approximation of the. 
solution of equation (3) 


V TE: Ll io(K pr) 
om Rr D ERE Ku Rsr) Picos 0g) (21-1 Jil ED a (47), (45) 
1—0 


where 


K,—-/K?—2M4A;. 


The next approximations of type (45) gives us the sets of values 
K?, KA converging to limiting values K;. The convergence is rather 
quick on account of the small value of the potentials Uj(K,r). The 
expansion of type (45), including the set of limiting values for Kj, 
will be the eigensolution of equation (3) corresponding to the Ew 
value of the energy E of the whole system (R,r). 
In spite of frequent computation complieations, the method 
presented here considerably increases the precision of the calculations. 
This is desirable especially when application of other methods is 
rather objectionable, as for instance for medium velocity nuelear and 
atomic collisions and ,,resonance collisions“. In all these cases the 
theory proposed here reaches beyond the range of known methods, 
establishing approximate computation procedures for the separate 
types of collisions. For the velocity of the incident particle (R) grea- - 


ter than the velocity of particle (7) of the scattering system, the — 
Born approximation, for instance, constitutes the zero-ordér appro- 
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ximation of the approximation procedure which corresponds to the iter- 
ation method of Liouville-Neümann for the solution of certain integral 
equations. 

In conclusion, the following chief advantages of the proposed 
theory may be stressed: 

1) In comparison with variational methods (Huang 1949) the 
methods applied in this theory are easy to generalize to cases of col- 
lisions with many-particle scattering systems. 

2) The present theory can be applied without any restriction 
to all cases of collisions of a particle with a system of particles. 

3) With the help of the above theory, known methods of computing 
collision processes can be obtained as zero approximations in more 
precise calculations. l l 

4) The theory gives a possibility of. developing new methods 


of approximations. 


5) The theory takes into full account the „polarization“ of the 
scattering system. 
| 6) The theory allows for the collective treatment of the particles 
of the scattering system, and yields a possibility of taking into account 
the correlation of their positions. 

7) Multiple simultaneous excitation or ionization of the scat- 
tering system may be computed by this theory more exactly than 
before. 


* * 
* 


Appendix A 


The approximate solution (3a) of equation (3) represents an 


"expansion according to the following system of functions 


@,(K, R,r) = |Z esti grt Rn P,(cos 6g),  (A.1) 


which we shall call wavelets. s 
The decomposition into the system of wavelets of the incident 


and the scattered wave functions of the incident particle (Æ) cor- 
. responds to the decomposition into partial streamlets of the incident 
. scattered stream of particles, each for each azimutal quantum number 
- of the incident particle (R). We assume that the wavelets depend 
- parametrieally on the radial coordinate r of the electron. In expan- 
sion (3a) they appear multiplied by the weight factor 


y (K,r) = g(r) eo. (A.2) 
16* 
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This statistical weight factor gives the probability that the po- | 
sition of the atomic electron during the collision’ will be present in i 


the region specified by the electronic coordinates r,” +dr. The form of 
the weight factor Y,(K,7) depends on the deformation of the electron 
wave function due to collision. This deformation is different for each 
collision parameter Rti—|s(s--1)/K (classical distance of closest 


approach for the free particle) of the incident particle, and is expressed i 

by the perturbed electronic wave function, determined by the Schrö- 

dinger equation (18) together with the usual condition of boundedness. § 
Specifying in (3a) the values of the electronic coordinates 7, } 


we have for Rzr 
Gee Ab E “si " 
(E, R,r) = E mm p (25-1) VK RE (I5 4, (KR) 
s=0 


+o,(K,r) HS4, (KR)} Ps(cos 0g) g (T), 


(A. 3) 


where J,4,(AK À) and H9), (KR) are Bessel and Hankel functions of 
the first kind and order s+4. In (A. 3) the first part of the expression 
in brackets corresponds to the incident wavelet, and the second one — 
to the scattered wavelet with scattered intensity w,(K,7r). 

Taking into account the following asymptotic forms 


^d 

Lp CR) > = cos (xx 8T) | 

' (A. 4) 
= | —_ sin (E — tas) 
and 
2 (s-119) —1 
HS KR) > XE a e 
fyc d | (A. 5) 
eu (CR — 12s) —i cos (KR — ia5)], 
we have 
(LH, fk, dias ides 2s+1)7 d EXER K,r)|sin (KAR — 1zs) 


(008-0 (A. 6) 
— iws(K,r) cos (KR gendi P,(cos Ox) p (1) 


E, R,r (2 1) :S ,10,(K, r) 2 : ye 
d( s EP 84-1)4*e n [/2:m ace 


T (K,r)) P,(cos 0g) 


(A. 7). 
ý 


7 The collisions are considered here as a stationary process. 
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where we have put 


eR a) cus LM (A. 8) 
m r) 
sinto. Hee QUT) (A. 9) 


TE we (Kr) 


We therefore have formulae (10) for c,(K,r) and the following 
formula 


eis E D= VIF 2o, (€, r) — (A. 10) 


N Tin ry) 
The functions F,(K,R,r) in (3a) can be written for E zr 
PE, Rr) - V KR, (ER) 43 os (Kr) Hei, CR)) ete. (A. 11) 
We then have asymptotically 
rut)» |/? sin {KR — 12s - o, (K,7)). (A. 12) 


We have also for R<r 


OE, R,r)— | 
AM AC | (A. 13) 
pom (2s --1) ifo, CC v) K Rf, (KR) Ps(cos 0g)g (T) 
2 KE s 
s=0 
and 
F,(A,R,r) ==, (K,r) r )&Rf;( (K R rje irs En) ey 
— NUI) v (Cor) K Rf, (CRT), (A. 14) 
where 


9 p » 2Me 
aso e- E n ou argh | | 
— Mie V 2 Me a 15) 
(Tee E Me +s+1; 2s+2, — 21k K? — E 


In (A. 15) the function ,F,(a,b,c) is the confluent hypergeometric 
function 


TO Tan 
b nuum A. 1 
F,(a,b,c)— FULL (A. 16) 


Expressions ve 33) together with (A. 14) and (A.15) prove 
that F,(K,R,r) satisfy the boundary conditions (6), (7); and the nor- 
malization conditions (8). 
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The functions v,(K,r) and w,(K,r) are specially chosen so as | 
to satisfy the condition that for R=r the two expressions (A.3) and | 
(A. 13) and their derivatives with respect to E should be equal. This | 
yields 

o (Kr) K Rf, (K, Rr) a — | KR {s+ CR) 3-4 (Kr) H8, KR))| n 


and 


ver) e (ERI CE nnus = 5 VER Lass KB) ear 


(A. 17) 
ovr) ss VERBO GER). 


These equations, when solved, give for the scattered intensity 
functions w,(K,r) and the transmitted intensity functions v(K, r) 
the following expressions (cf. formula (11)) 


w(K r) = ERU KE Lp, (ER), KRÍ,(K,R,r)} 
s , Wr {VER ng (KR), KRf,(K,R,r)} el, 


m —Wr{VKER I, CR), VER HH, (KR)) 
e MUSIC ET 


“ik 
— WatVER HG, (KR), K Ef, (K, R,7)) n 
‘Introducing the following notations 
a, =Wr{VKR 1,41,(KR), KRf,CK, E f)lag-r 
b, = Wa(VERY, (KR), KRf,(K, R SIRES 
where Y,L,(K E) is the Bessel function of the second kind, we have 


(A. 18) 


(A. 19) | 


(A. 20) 


bs * di a ; : 
COS o: (Kor)a sain oy (Tor) ae LANE 
| Voci de tuno fua vp Ur Pi 
a e — as : ] 
ow Kr) es (A. 22) 
—ŽiK | 
Ubri s | (A. 23) © 


> 


(A. 24) 
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2 
—K 
7 


CRIC RT) 

EKR rie c ck a cr. (A. 26) 
Formula (A. 26) proves that the functions F,(K,R,r) are real 
only if the functions f,(K,R,r) are real. With the help of (A.15) and 
of contour representation of confluent hypergeometrical functions 
(Frank and Mises 1935), we can easily prove that the functions 
fs(K,R,r) are real. We use thereby the following symmetrical repre- 

sentation of these functions 


N ,( K,7)0,(K,7)— (A. 25) 


f, CK, E,r) — 
Mei Mei (A. 27) 


s+ 8— 
s p 2Me o 2Me y 2 2Me 
-(a|/ ie 22) fo rimi Etomip 1) ae eae 


where the path of integration surrounds the points i and —i. We see 
that the functions f,(K,R,r) represented by (A. 27) are real, as they 
do not change when i is replaced by —1. 


Appendix B 
The integrals such as 


Apl KZ Y) = [' ac nan (B. 1) 
occuring in (17) may be evaluated by means of the relation 


; Ife 
Aw(K,Z,r) = zg (On PKS") 9z Fi(K,Z,T) 


B. 1a 
—F,(K,Z,r) 0x92 F(K,Z,")}, 


ð ə 
E where g= >y JK ðz= —3Z' 
This relation is a consequence of the two following equations 


L,F(K,R,r)— —K*F(K,R ids (B. 2) 
bat, R,r)=—? FUR), (B. 3) 
where ‘Le denotes, as before, (see equation (13)), the operator 
d L(U4- 1) 


— 
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Subtraction of (B. 3) multiplied on the left by Fı(K,R,r) from (B. 2) 
multiplied on the left by Fı(t,R,r) gives after intergration 


Z 
WiFi R,r), PU K,R)} sos =(P— E?) (Ft, R,r) F(K,R,r)d R, (B. 4) 
; | 


where Wg(Fi;(t,R,r) F,(K,R,r) denotes as usual the Wronskian of 
the functions F,(t,R,r) and F,(K,R,r). 

Dividing both sides of equation (B. 4) by ?—X? and evaluating 
by means of de l'Hospital's rule the expression 


? 


t2?— K2 


lim 
tK 
we obtain formula (B. 1). 

When the interval of integration in this formula is sufficiently 
large, we can use for the functions F;(K,RE,r) the asymptotic expres- 
sions (A.12). The derivatives 9zF;(K,Z,r), «FK, Z,r), Ok9zPFi((K,Z,r) 
can be also calculated by differentiation of the asymptotic expressions 
(A. 12). This is legitimate because these derivatives too possesses 
asymptotic expansions, namely 


94; Fi(K,Zyr) x cos {KZ — 1nl 4- o1( K,7)), (B. 5) 
xin J/A canoe cos (KZ —tal+o,(K,r)}, (B. 6) 


oror Fi(K, Zr) > //2 teos (KZ —1nl+o(K,r)} 
—KiZ + oxo K,r)j sin {KZ == tal+o;(K,r)}]. 


(B. 7) 


These expressions allow us to calculate the integrals of the type 
Agy(K,Z,r) and Cy(K,Z,r) for sufficiently large intervals of integration. 
In fact 


Anul K, Z Q(—-— z [Z+ exok, r)— zE sin 2(KZ — palo), (B: 8) 


1 
Cul K, Zr) > 5 [Brem Ky) 
JU 
1 (B. 9) 
=y 0,07(K,r) cos 2{KZ— gal-+on(C,r)}. 
To solve the system of equations (17) for Z — co one needs onl} 
to know the potentials (19). From (B. 8) and (B. 9) it follows that 
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the potentials Vu(K,r) vanishes. In order to calculate the potentials 
Un(K,r), we split the integral By(K,Z,r) as follows 
By(K,Z,r) = f F((K,R,r) FK, R,r)dR 
0 
z (B. 10) 
s f Fic no) & FK, R,r) dR. 
It suffices to calculate the second integral only; for this purpose we 


differentiate twice expression (A. 11) and obtain 


&P(K,R,r) =—F(K, R,r)[(9,0(K 7r) +1970(K,7)] 


B. 11) 
-F[23o4(K ,r) — 2i8 (Kr) 9,0, (K r)] KR His (KR) ete. 
We have therefore 
fri (K,R,r) FC Rr) dR=—{(d,0, A,r)? 
+ido,(K,r)} j (Fi(KC, Rr) di 4- e ?" (P (95 (Kr) 
(B. 12) 


— 2id,o(K,r) dor r)]| f KRI (KR) Hi, (KR)dR 


roi K,r) j VKR Hf, (KR)? dR]. 


Making use of the well-known asymptotic expressions for Bessel, 
Neumann and Hankel functions and of the following relation 


KVER nis KR) oV K R11, (KR) 
(B. 13) 


U KR Hes CR) Iu (ER) dR = 


— VER 1,4, 0CR) dx dRVKR Hi), (K R)|R-r, 


we can write the integral By(K,Z,r) by means of (B. 1), (B. 8), (B. 10), 
(B. 11) in the form 


By(K,Z,r)- d [et 9? 9, — 210,01 9,01} — idta1] 
M » (B. 14) 
— (orai( K,r))* a +P(K,1). 
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By successive differentiation with respect to r of relation (A. 10) it 
is easy to prove that the first expression in square brackets on the 
right-hand side of (B.14) vanishes. Thus (cf. (B. 8)) 


Bu(K,Z,r) 


im ————— —-— ) =— (8o ( Kr). B. 15 
lim Ek M i 
Making use of (A. 10), (A. 18) and of the following equations resulting 
from (12) and (13) 
: —.WriVKR Tuy (KR), K Rfíi(K,RE,r)) 
aR (B. 16) 


=2 MeV (R,r) VER IER) KRfi(K,R,r), 


L Wet ER BÉ (KR), K Rf(K,R,r)) 


( B-149 
o MEN: VKR HY) (K R)KRf(K,R,r), 
we have in the notation of Appendix A 
— e—iio 2 
Un(K,r) =e (E =) K (B. 18) 
a mue] 
(artib)? Rear, 


this formula being a consequence of the differentiation of equation — 


(A. 10) with respect to 7. Due to (A. 24) and (A. 25) equation (B. 18) 
can be written 


Uy(K,r) = iz s [zarer, (R, r) Fi(K,R JT) 


— OR}? ki ane 


With the help of the equation 


We{K?Rf(K,R,r), 9, K*Rf(K,R Mao 
=2 Me K? fest ELEEA [KRf(K,R,r)P aR 
and due to definition (5), equation (B. 19) transforms into 


UK =f LFGG R,P anl 
0 


(B. 20) | 
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Making use of an equation analogous to (B.1) and of the relation 


Reni) 


dfi (K, R,v) $ Me 


a e AUG Rr) 


NIIS (B. 22) 
Kus 44-1? 


-apa jp H ER, 


we obtain the following formula for the potential 


M?e? 
K K,1—— (+1) 
(. ie +(141) 


Ux(K,r) = m a (aad pay to) Oxo (m.m) 
^ (B. 23) 
K* 
— —À (ai My 
where 
ieee | d (B. 24) 


When the velocity of particle (R) is greater than 1 equation (B. 21) 
can be written with the help of expansion (42) as follows 


duck iuncAri Ths 
TUERI EU 


i twa af sin 2k r 2 sin? Kr]? Tu 
Ur) = halt 2Kkr Ere IE (B. 25) | 
iis sin 2Kr 6 [2sin2Kr sin? Kr s 2 
Uist") = aali- r gala E cos? X)| 
1 1 
tos 


It is easy to evaluate the potential Ul,(K,r) with the help of du Bois 
Reymond's second mean value theorem. Thus, we can write the in- 
tegral D],(K,Z,r) in the form 
D r 7 
F,(K,R,r) F,(K,R,r 
nias tin—e| [OG den ak 
F oo (B. 26) 
«2 
ze (iene aR... 
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and due to the formula 


d 
aR Wgr{F,(K,R,r), Fi(K,R,r)} 


(B. 27). 
È ee FQ, Rr) 
we get re 
iK x interi ea 
SUED ern ees FREE, {K,0(2), r}, Pi{K,¢(2),7}] 


—W.LF.{K,£(r),7}, F{K, En), r} (B. 28) 


For sufficiently large values of Z we can use here the asymptotic A 
expressions (A. 12) and (B.5) for F;(K,5,r ^ Fy(K,o,r) defi ST). 4 
o:F',(K,¢,r) and thus obtain - 


r 


(t—s) (U+8+1) 
+ 5 (1 —s)} Wel Ele) T 6,7) . 


Di Zr) (x sin los, r) — e(K,r) 


(B. 29) | 


It results from (B. 29) that the potential U4,(K,r) vanish. 
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A NEW SIMPLE TYPE OF THE RECTANGULAR PULSE 
GENERATOR 


by Olgierd K. DASZKIEWICZ, 2nd Physical Laboratory, Jagellonian 
University, Cracow 


(received July 1, 1950) 


Description of a simple rectangular pulse generator with regulation of pulse 
duration, consisting of a cathode coupled multivibrator and a paraphase degenerative 
amplifier. 


Rectangular pulse generators have nowadays a very wide field 
of applications in nuclear physics, radar engineering, wireless engineer- 
ing, and in different other science industries. The generators so far 
beeing used require for their construction a rather complicated equi- 
pment, especially when possesing: (a) a regulation of distanees between 
the pulses with maintenance of constant frequency as far as possible, 
or (b) a device for ascertaining the independence of the pulse ampli- 
tudes on the fluctuations of the frequency, which may be precisely 
regulated between wide limits. 

The best method of generating rectangular pulses is that of the 
multivibrator cireuit. This method has the following advantages: 
(1) only pure electronic processes take place in the circuit, (2) the 

driving and the synchronization of the multivibrator circuit is very 
easy, (3) the pulses have a quite definite shape and time of duration. 
| In the present communication a simple construction of a generator 
| possesing all the above mentioned advantages is reported. The circuit 
diagram is shown in fig. 1. The two first valves are working as a cathode 
eoupled multivibrator. Due to some alterations of the classical cathode 
‘coupled multivibrator circuit the reported generator produces rectan- 
gular pulses for a very wide range of different elements, especially of 
those influencing the frequency. An important role is also played 
by the limiting resistances which have been introduced for the con- 
| servation of rectangular shape and constant amplitude of the pulses 


em 
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at every value of RC, establishing thus the frequency and the length i 
of the pulses. At the same time these resistances diminish the given f 
range of frequencies and the length of the pulses. The third valve is | 
working as a cathode follower or as a paraphase degenerative amplifier. | 
In the first case it is used as a buffer-stage; in the second one, besides § 
the separation, one can simultaneously receive pulses differing in | 
phase by z. Another application of this valve is foreseen: This valve i 


Fig. 1. The circuit of the generator. E,—50 KO, E,—20K0, R,=50 KQ, 

R,—1MQ, R,=100 KQ, E,—20KQ0, R,=1,5MO, R,—150KQ0, R,=R KQ, 

Ry=3KO, Ry = Rg = R= 500 KO; P,— P,=1MO log.; O,= 300 pF, 0,— 5000 pF, 
C,= 300 pF, C,=0,1 uF, C,— 0,—16 „F. All triodes are AC2. 


can be also used in a special circuit transforming rectangular pulses 
into very short and steep triangular pulses. The transition from the 
first action to the second one is obtained in a very simple manner 
by shunting of the plate resistance by a small inductivity. In the case 
of such a use of the valve it is necessary to insert an additional stage : 
containing a valve working in the C-class, i. e. with a large negative 
grid bias, the grid being connected to the proper generator by a differ- 
ential circuit of a suitable small time constant. The frequency and 


& 


J i 
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the shape of the vibrations are defined by all elements of the multi- 
vibrator. The elements under control are: 

(1) The potentiometer P,. 

(2) The capacities C,, C, and C, which can be switched on when 
changing the bands. The resistance R}, although it is shortening the 
band, is used in order to avoid the same potential on the two grids 
at an extreme position of the potentiometer P,, since in this case 
vibrations could be deformed or even annihilated. For the high fre- 
quency band the first valve grid is not earthed through a condenser, 
the mounting capacity of the circuit being sufficient and, of course, 
necessary in this case. 

The control of the length of the pulses is obtained by changing 
the average plate voltage of the multivibrator valves. Increasing this 
voltage on one plate is equivalent to diminishing it on the other plate. 
The change of this voltage could be obtained by increasing of dimin- 
ishing the plate resistance, or by potentiometrieal supplying of the 
plate. The latter device, as more convenient and stable in operation, 
has been used in the apparatus. For ensuring continuous regulation 
and avoiding deformations or decay of the vibrations, the potentio- 
meter P, is connected in series with a limiting resistance F. 

It has been observed that if the ratio of the time interval between 
two consecutive pulses to the length of the pulses remains within the 
limits of !/, to 3, the frequencies of the pulses are quite negligibly 
influenced by changing the length of the pulses. 

It has been already stated that even for a very wide frequency 
band rectangular pulses can be obtained by using, particularly for 
higher frequencies, additional elements for correcting the shape of 
the pulses, e. g., for frequencies exceeding 20.000 pulses/sec the cathode 
resistance of the multivibrator must be blocked by a suitable capacitor, 
especially when the plate resistances are different. 

As the synchronizing voltage should be applied also to the cathode 
resisbance, an output valve is used of the same type as the multi- 
vibrator valve, since in this case no large output power is required. 
This valve works as a cathode follower and or a paraphase degenerative 
amplifier. A potentiometric supply of the control grid of this valve 
is very important as by a suitable choice of the resistances of the divider 
the most profitable working point can be found. A capacitance coupling 
` was not used on account of its dependence on frequency. This direct 
coupling is the most convenient, because it is smoothing out and prop- 
erly shaping the pulses. | 

The generator contains two frequency bands: 14 c/sec—b ke/sec 

and 4 ke/sec—20 ke/sec. The output pulses have an amplitude of 1 V. 
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Fig. 2 represents the shape of some pulses obtained on the screen of | 
a ,Furzehil^ cathode ray oscilloscope. Good filtration and stabili- | 
zation of the supply voltages are of importance. In the circuit a stabi- | 
lizing valve STV 280/40 was used. 


ELI napepessroe ELI 


Fig. 2. The shape of the pulses. 


I wish to express my gratitude to Professor H. Niewodniczanski 
for enabling me the construction of this generator in his Laboratory 


and for many valuable disscusions which materially accelerated the 
carrying out of this work. 
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ON THE ANGULAR DISTRIBUTION OF ELECTRON 
PAIRS CREATED IN LEAD BY GAMMA-RAYS OF ThC" 


by A. Z. HRYNKIEWICZ, 2nd Physical Laboratory, Jagellonian 
University, Cracow 


(received July 1, 1950) 


The angular distribution of electron pairs created in lead by y-rays of ThC“ 
has been measured by the method of the Geiger-Müller counters. The results do 
not agree with the theory of Bethe and Heitler, and seems to indicate that the Born 
approximation used in that theory is not adequate to the problem in question. 


Introduction 


The absorption of hard y-rays consists of the following three 
processes: (a) Photoelectrie effect, (b) Compton effect, and (c) Pro- 
duction of electron pairs. The absorption produced by the photo- 
electric process and the Compton effect can be calculated from Sauter's 
and Klein-Nishina’s formulae. Experimental values for the cross 
sections and the angular distributions are very close to those calculated 
from these formulae. 

Since 1930 several investigations have shown that the absorption 
coefficient for hard y-rays in heavy elements is much greater than 


| it should be if only the photoelectric and Compton processes were 


| 


! 


| y-rays the production of electron pairs was responsible. 


| 


effective. In 1932 Chao reported finding a secondary y-radiation of 


| the energy about 0,5 MeV, accompanying the process of the absorption . 


of hard y-rays. Gray & Tarrant and Meitner & Hupfeld showed that 
this secondary radiation did not depend on the energy of primary 
y-rays, on the kind of absorbing material and on the angle between 
the direction of observation and that of the primary photons. 

After the appearance of Dirae's relativistie theory of the electron 
‘and Anderson's discovery on the positon Blackett and Occhialini 
suggested that for the increase of the absorption coefficient of hard 
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Theories of the production of electron pairs in the field | 

of a nucleus | 

Bethe and Heitler (1934) published a theory of pair creation 

in the field of a nucleus, in which they applied the Born approximation. 
In this approximation the electrostatic interaction between the nucleus, | 
the positon, and the negaton is neglected. Owing to that Bethe and 
Heitler obtained the same energies and the same angular distributions 
for both electrons; these distributions were also independent of the į 
atomic number Z of the absorber. In the formula given by Bethe and 
Heitler the differential cross-section for the production of electron 
pairs depends on the angles given in fig. 1. The distribution of each 


Av 


Fig. 1. Designations of the angles. 


angle can be obtained by integration of Bethe and Heitler's formula 
over all other parameters. 

Jaeger and Hulme (1935, 1936) and Jaeger (1936) took into 
account the action of the electrostatic field of the nucleus on the negaton 
and the positon. The calculations with exact relativistic wave functions 
were extremely tedious but Jaeger and Hulme succeeded in showing 
that Bethe and Heitler’s formula is not valid for photons of energy 
2,6 MeV. For this energy and an atomic number Z of about 80 they 
showed by numerical integration that the mean angle between the 
directions of both electrons was about two times greater than that 
calculated on the ground of the theory of Bethe and Heitler. Moreover 
Jaeger and Hulme have shown that the mean angle between the 
directions of the photon and the negaton (0.) and the mean angle 
between the directions of the photon and the positon (9,) depend 
on the atomic number of the absorber, increasing slowly with Z. 


Previous experimental results on the angular distribution 
of electron pairs 

The angular distribution of electron pairs created by the y-rays 

of ThC" was investigated by several authors. The measurements con- 

cerned mainly the values of the angle g, i. e., the mean angle between 


) 
5 
| 


Angular Distribution of Electron Pairs 253 


the directions of both electrons. All these investigations can be divided 
into two groups: (a) those making use of the cloud-chamber method 
and (b) the other, making use of the Geiger-Müller counter method. 

a) Klarmann and Bothe (1936), who employed the cloud chamber 
method, obtained for krypton (Z—36) 9 —16? and for xenon (Z= 54) 
p= 420, and concluded that the angle g depends markedly on Z. This 
conclusion seems not to be very well based, as for krypton g was 
obtained from four values only: 89, 9°, 10° and 48°. 

Simons and Zuber (1937) obtained for argon (Z=18) g=30° 
and for methyl iodide (for iodine Z= 53) g=32°. These values were 
very close to those following from Bethe and Heitler’s theory. 

In a series of works Groshev and Frank (e. g., 1938, 1945) found 
for nitrogen (Z= 7) p= 40°, for krypton (Z— 36) p= 48° and for xenon 
(Z=54) p=52°. These results were in favour of the theory of Jaeger 
and Hulme, showing a dependence of g on Z. 

b) Adam (1937) using the Geiger-Müller counter method obtained 
for lead (Z= 82) p= 30? in good accord with Bethe and Heitler's theory. 
The result of Niewodniczanski and Pisklak (1939) for electron pairs 
produced in lead by y-rays of radium were in agreement with this 
theory too, while the measurements of Alichanian, Dzelepov and 
Spivak (1938) yieided much greater values for g. 


Formulation of the problem and theoretical calculations 
The purpose of the present investigation was to determine exper- 
imentally the distribution of the angle between the directions of 
the photon and one of the electrons (0,) keeping the value of the angle 
between the directions of the photon and the second electron (0,) fixed, 


and to compare the results with the conclusions drawn from the 


theory of Bethe and Heitler. | 

For small photon energies (about me?) the analytic integration 
of Bethe and Heitler’s formula is not possible, but it can be performed 
numerically. The angular distribution of electron pairs created by 
2,62 MeV photons (emitted by ThC") were calculated by Groshev (1945) 
on the basis of the theory of Bethe and Heitler. Similar calculations 
of the distribution of the angle 0z, the angle 0, being fixed, were per- 
formed (for $—180?) in connection with the present investigation. 


. It was assumed thereby that both electrons of each pair possess equal 


energies. This assumption represents the most probable case according 
to both existing theoriés of the effect. Moreover, it may be considered 


. as particularly legitimate in the present investigation as two electrons 
| of equal energy are more likely to penetrate through the lead foil and 


the counter windows than any other combination of two electrons 
17% 
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| 
with the same total energy. The calculations were performed for | 
a smaller range of angles than that of Groshev, but more curves were | 
drawn (for a greater number of fixed values of 0,) and more points 
were taken for each curve. 


: 6(9) 


6(8) 


Fig. 2. Theoretical distribution of 6,. 


The obtained theoretical curves are represented in fig. 2. It 
follows from this figure that the curves have two maxima transfor 


. ming 
one into another and the minima for 0,— 6,. 


The source of the y-rays 


The source of y-rays was a MsTh sample contained in several 
platinum needles equivalent to 39 mg of radium, prepared in 1945 
by the Auer Gesellschaft in Vienna. In the spectrum of the »-radiationg 
of this MsTh-sample the main part is played by Th(C+0'9, the 
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2,62 MeV line being by far the most intensive. In this case the effective 
speetrum for pair production can be obtained from that reported 
by Alichanow and Latyshev (1940) by taking into account: (a) the 
absorption of the y-rays in a 2,5 cm lead filter, which was used in 
order to diminish the intensity of the lower energy y-lines and (b) 
the dependence of the pair production cross-section upon the pho- 
ton energy. 

The effective spectrum calculated in such a manner is given 
in fig. 3., where the intensities of all lines are represented in comparison 
to the intensity of the 2,62 MeV line. 


e 


2 
1 i5 20 25 40 Mev 


Fig. 3. The effective y-rays spectrum of Th(0+ 0”). 


The MeTh-sample was put inside a lead block composed of lead 
pricks and provided with a collimation channel through which a narrow 
beam of y-rays was transmitted (fig. 4). This channel was 30 em long, 


pen 
SS 


Sca'e 110 


Fig. 4. Geometry of the apparatus. P: MsTh sample, 1,2: G. M. counters. 
: d ; 
. 2,5 em high and its width was changing from 0,5 cm at the beginning 
- to 1 em at the end in order to diminish the background of secondary 
| ] electrons originating in the walls of the channel. 


f 
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The construction of the Geiger-Müller counters 


The Geiger-Müller counters for f-radiation were made of brass | 


tubes of 16 mm external diameter and 1 mm wall thickness. The con- 
struction details are represented in fig. 5. This is a modified construction 
worked out in the Physical Laboratory of the Mining Academy in 
Cracow. 

The counters possess mica-windows, 2,5x1,0 cm, 20 u thick. 
Windows of this thickness transmit all electrons of energy exceeding 
60 keV. The effective counter-length was limited to 3,5 em by glass 
tubes surrounding the anode wire. The whole counter was 15 cm long. 
Owing to this it contained a rather great amount of gases assuring 
a correspondingly longer life time. 


Fig. 5. The Geiger-Müller counter for B radiation. 


The counters were filled with the usual mixture of argon (90 mm Hg) 
and aleohol vapour (10 mm Hg). The counter threshold lay at about 
920 V and the mean length of the plateau was 200 V. The slope of the 
plateau on its whole length did not exeed 59/,. Eight such counters 
were prepared to allow continuous work despite any troubles with 
the counters. 


The electronic equipment 


The electronic part of the apparatus consisted of three main 
circuits: (a) the high voltage generator and stabilizer, (b) the coincidence 
circuit, and (c) the counting rate meter. 

The high voltage generator supplying the counters had a neon 
tube stabilization with a potentiometer output. The voltage could 
be eontinuousely changed from 500 to 1400 V. 


The coincidence circuit is represented in fig. 6. The first stage 


of this circuit consisted of a double triode (6N7) working as a fast 
multivibrator. The counter anode was connected directly (without 
coupling capacitor) to the valve grid; owing to this the impulse amplitude 
-is increased and its duration appreciably decreased. The negative impulse 


-from the anode of the multivibrator circuit was supplied through a very - 


low capacity (6pF) to the grid of the Rossi cireuit valve (AF 100). 
The resolving time of the circuit could be changed by applying a posi- 


tive bias (up to 2 V) to the grid of the pentode. The limits of these m 


changes, measured by the method of accidental coincidences, were 
3X10—— 1,7 x 10—ê sec. 
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The counting rate meter consisted of a slow multivibrator circuit 
increasing the impulse amplitude and its duration, and a power pen- 
tode with telephone call meter included in its plate circuit. 

The following auxiliary circuits were also used: 

(a) an anode voltage generator supplying the coincidence circuit 
and the counting rate meter, 

(b) a scaler of 64 (after E. Baldinger) for control counting of 
impulses from each counter separately. 

All circuits were supplied by 220 V A. C. mains through a magnetic 
voltage stabilizer. In the primary cireuit an electromagnetic relais 
was included to prevent counting after each momentary interruption 
of the A. C. supply. 


= AF 100 
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. Fig. 6. The coincidence circuit. 0, = C= 15pF, €,—C,— 1 uF, O,=6pF, R,—5kQ, 


R,—30kQ, R,—0.5M9, R,—10kQ, R,—3,5k0, E,— 100k9, R,— 10kQ, R,—4k9, 
R,— 20k9. 


Measurements and results 


The measurements of the angular distribution were carried out 
by the method of Geiger-Müller counters working in coincidence. 
The electron pairs were created by y-rays of MsTh in à 100 u thick 
lead foil placed at the end of a collimation channel. The counters were 
fastened in vertical position in grips which could rotate around an 
axis passing through the end of the collimation channel. The distance 
of the counters from the lead foil was 8,5 cm. The grips had pointers. 
indicating the position of the counters on an angular seale. E 

By such a measurement beside the proper coincidences f 8^ the 
following other types of coincidences might also be counted: 
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(a) accidental coincidences, 


(b) yy coincidences, when the photon scattered in the Compton | 


effect in one counter were counted in the second counter, 

(c) B y coincidences, produced by the Compton electron and the 
scattered photon from the lead foil, 

(d) ty coincidences, produced by the positon and the photon 
arising by its annihilation, 

A discussion of these types of background coincidences showed that: 

(a) the accidental coincidences could be omitted because of the 
short resolving time of the coincidence circuit, 

(b) yy coincidences could be omitted because of the very low 
counter efficiency for y-radiation, 

(c) 8 y coincidences could play their part only in the case of 
the angle between the counters greater than 90°, 

(d) the main source of background coincidences were undoubtedly 
those of the pty type. 

The fy coincidences could be measured by shielding one counter 
window with a lead sheet thick enough to be impenetrable to electrons. 
Then, only the coincidences produced by an electron reaching the 
unshielded counter and a corresponding photon reaching the shielded 
one could be registered. In order to obtain the true coincidence curve 
for electron pairs one had to subtract from the curve of all regist- 
ered coincidences the curves of the fy effect for both counters. 

In the present investigation the number of coincidences per 
hour (N,) was measured versus the angular position of one counter (0,), 
keeping the position of the second counter (01) fixed. Two sets of such 
measurements for fixed angles 0,— 15? and 0,—20* were made. The 
results are represented in tables I and II. The second and third columns 
of these tables contain the numbers of the By coincidences obtained 
by lead shielding of the first and second counters (Ni, N). The last 
columns contain the differences N =N,—(N,+N,), representing the 
numbers of the observed electron pairs. 


Table I. -¢,= 15°. 


: 


E 10° 16,4 16,4 12,9-+41,6 
12,5 1257 13,6 15,8 4 1,6 
15 9,4 11,0 19,321: 1,4 
17,5 8,1 9,5 1m eee 
20 7,2 7,2 16,4 3: 1,2 
25 6,8 6,7 15,0 3: 1,2 
30 5,0 5,3 14,4 1 1,0 
40 4,1 3,1 14,3 +0,9 


bo 
Qt 
e 


Angular Distribution of Electron Pairs 


Table II. 6,=20°. 


N 
9,6 10,3 15,6 +1,4 
8,8 8,9 13,0 + 1,3 
6,9 8,5 12,1 + 1,3 
6,2 6.5 13,6 + 1,2 
5,4 5,6 15,0 4- 1,3 
4,7 4,2 12,32 Ll 
3,8 3,5 12,8 +1,0 
2:2 2,1 10,6 + 0,9 


o 


10 5 20 25 30 35 40° @ 


Fig. 7. Comparison of experimental and theoretical curves. 


In fig. 7 the numbers are plotted versus the angle 6, for boti 
sets of measurements. The dotted curves represent the theoretical 
dependence obtained from the eorresponding curves in fig. 2 and for 
the geometry actually existing in the corresponding experiments. 


260 A. Z. Hrynkiewicz 


Conclusions 


As it is clearly seen from the curves (fig. 7) the experimental 
maxima are obtained for symmetrical positions of the counters, 
whereas theoretically minima should then be expected. This result 
shows that the Born approximation used in the calculations of Bethe 
and Heitler is not sufficient for obtaining the correct angular distri- 
bution of electron pairs. 


The author is grateful to Komisja Popierania Tworezogci Nauko- 
wej i Artystycznej przy Prezydium Rady Ministrów for granting 
a scolarship and to Professor H. Niewodniezaüski for submitting the 
subject of this work and for valuable discussions and encouragement 
during its course. He also wishes to express his thanks to Mr J. Gierula 
from the Mining Academy, Cracow, for the filling of the counters and 
to Dr W. Sucharski from the City Hospital in Bydgoszez for lending 
the MsTh sample. 
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ON THE SELECTIVE ABSORPTION OF THERMAL NEU- 
TRONS IN SELENIUM AND ARSENIUM 


by J. A. JANIK, 2nd Physical Laboratory, Jagellonian University 
Kraków 


(received July 1, 1950) 


Measurements were made of thermal neutron cross-sections in Se and As. 
Photoneutrons from a Ra+ Be source of strength 100 mg Ra were used. The va- 
riation of these cross-sections with energy of the incident neutrons investigated 
and interpreted as an interference effect in the microcrystals of Se and As. 


Introduction 


The absorption of neutrons is one of the most interesting problems 
in nuclear physics. Especially interesting is the problem of the energy 
dependence of neutron absorption. The knowledge of this dependence 
provides informations about the nuclear energy levels in nuclei. 

The dependence of absorption cross-sections upon the energy 
of neutrons is well described by Breit-Wigner formula (1936—1946). 
This formula gives for the thermal energy region a 1/v dependence, 
i. e., proportionality of thermal neutron cross-sections to E^. 

In a great many cases deviations from the 1/v law in the thermal 
energy region are observed. There are two causes of these deviations: 
(1) The existence of an energy level in the neighbourhood of the thermal 
energy region (Cd, Ir, Eu); the capture cross-sections are then very 
large and their energy dependence is much more complicated. (2) Inter- 
ference effects occurring in the case when the de Broglie wave lengths 
of the thermal neutrons are of the order of magnitude of the distances 
between the lattice planes of the microcrystals of the examined crys- 
talline body. These interference effects are supperposed on the proper 
nuclear effects (Halpern 1941; Fermi 1946, 1947). 

The total thermal neutron cross-section (in the absence of energy 
levels in the neighbourhood of the thermal energy region) may be 
expressed by: 

o=at+ bE 5 
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where a is the scattering cross-section which is practically energy 
independent, and bE ^ the capture cross-section, proportional to 1/v. 
When interference effects take place, « does not remains constant, 
showing fluctuations with the change of energy, i. e. with the change 
of wave length of the impinging neutrons. 


Apparatus 


A source of photoneutrons from the Be(y,n)2He reaction was 
used. One hundred of 1 mg radium needles were enclosed in a little 
cylindrical box filed with beryllium powder. The thickness of the 
layer of the Be-powder surrounding the Ra-needles was 3 cm, which 
is equivalent to about 0,5 kg Be (very fine Be-powder). Neutrons 
were slowed down to thermal energies in a layer of paraffin wax of 
6 em thickness. 

In order to provide sufficient safety safeguard against this strong 
source of y-radiation the whole neutron source, including the paraffin- 
wax, was surrounded by 5 em of lead except the side opposite to the 
ionization chamber. ; 

The ionization chamber was a brass cylinder of 5 cm length and 
5 em diameter. The collecting electrode was a steel wire of 1 mm dia- 
meter possesing at one of its ends a brass plate (38 mm of diameter). 
The distance between this plate and the bottom of the ionization 
chamber was 5 mm, it being the optimum depth of the chamber found 
by experiment. The other end of the collecting electrode was surrounded 
by a protective ring which served also to fasten the ionization chamber 
to the wall of a little box containing the preliminary stage of the ampli- 
fier. The collecting electrode was insulated from the external electrode 
by „plexiglass“ (a kind of very well insulating plastics). 

The whole ionization chamber with a little box containing the 
preliminary stage of the amplifier was put inside a larger cadmiun 
box, the internal walls of which were covered by a 2 cm thick layer 
of cardboard in order to reduce microphonie effects. In front of the 
ionization chamber aluminium boxes containing powdered absorbing 
substances were situated, placed in a Cd tube. The Cd box containing 
the ionization chamber, the absorbers, and the preliminary stage of 
the amplifier was situated opposite to the neutron source on a wooden 
base, on elastic rubber sponges in order to diminish the sensibility 
of the ionization chamber to mechanieal disturbances. 

The ionization chamber was closed by an aluminium boron-lined 
lid. (Due to the impossibility of obtaining BF, à boron-lined chamber 
for counting slow neutrons was used). A 3 mg/em? thick layer of amor- 
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phous boron powder was experimentally checked to be the most 
favourable one. 

The external electrode of the ionization chamber was on the 
potential of +400 V, being blocked by an electrolytic condenser (16 uF) 
situated inside the Cd box containing the chamber. (This has been 
found to be very important). 

Fig. 1 represents the ionization chamber, the shields, and the 
preliminary stage of the amplifier. 

12V eV 400Y 
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Fig. 1. The ionization chamber and the preliminary stage of the amplifier. 


The linear amplifier consisted of the preliminary stage mounted 
together with the ionization chamber, and of the proper linear amplifier 
mounted in another shielding box. The preliminary stage was built 


according to Riezler (1941). The amplifying valve was a two-grid 


electrometric valve Telefunken T 113. The plate voltage was +12 Ve 
the first grid voltage +6 V, the filament voltage 3 V. All these voltages 
were obtained from a storage battery. The plate resistance was 50000 2. 
Pulses from the ionization chamber were conducted directly to the 


. gecond grid of the T 113 — valve. 


In order to reduce electromagnetic disturbances from external 
causes, a very accurate shielding of all electric connections was necessary, 


especially of those conducting pulses from the preliminary stage to 
- the amplifier and connecting the amplifier with the voltage supplying 


generator. Finally, the elimination of the electromagnetic disturbances 


. was obtained by blocking all voltage supplies of the electrometric 


valve by means of electrolytic condensers of 250 uF capacity. The 
proper linear amplifier was puillt according to Petruskas and Van 
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Atta (1940). It was a three stage amplifier, linear for imput voltages 
up to 0,6 mV, and possessing for imput voltages not exceeding this 
value an amplification factor of 250 000. Together with the prelimi- 
nary stage, an amplification factor of 1 000 000 was obtained. 

The amplified pulses from the linear amplifier were conducted 
by a screened wire to the counting device consisting of a 6L6 valve 
and a telephone call meter. All supply voltages to the amplifier were 
created in a supply generator. These voltages were stabilized by neon 
tubes LK 131. 

A general outline of the apparatus is represented on fig. 2. 


Fig. 2. The locating of the apparatus in the laboratory. 


Results 


The subject of this work was to measure the absorption cross- 
sections of selenium and arsenium nuclei for thermal neutrons and 
to find out how these cross-sections depend on the energy of the 
neutrons. 

On account of the weakness of the neutron source I had to content 
myself with a not very perfect method of selectioning the velocity 
of the neutrons, namely the boron absorption method. For this pur- 
pose absorption measurements were made with different layers of 
boron between the source of the neutrons and the absorber. The 
thickness of these layers of boron was 0 mg B/cm?, 21,4 mg B/cm? 
and 34 mg B/em?. 
~ . The absorption cross-section of boron for neutrons is exatly 
proportional to E^, viz. 


c(E)—118 x 107^. g^. (10) 


After passing of the neutren beam through a boron layer, more E 
slower than faster neutrons will be absorbed. This behaviour is repre- 
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sented on fig. 3. The curve A represents the Maxwellian distribution 
with a maximum at 0,026 eV. This curve corresponds to the velocity 
distribution of the neutron beam before filtering in a boron layer 
The following curves (B and C) represent the velocity Distributed 
of the neutron beams after passing 21,4 mg/cm? and 34 mg/cm? of 
boron, respectively. It is easy to see that the maximum of these di- 
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Fig. 3. Velocity distribution curves for unfiltered (A) and boron filtered neutron 
i beams (B and C). 


stribution eurves is shifted towards higher energies with increasing 
- thickness of boron. From these experiments it is possible to obtain 
a rough idea of the dependence of the cross-sections for absorption 
of slow neutrons on their energy. The absorbers (Se and As) were 
used in a powdered metallic form. They were chemically pure elements, 
furnished by the ,,Mikrochemia“ works in Warsaw. 
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The results of the measurements are represented in the following, 
tables, where n denotes the registered number of counts per 8 hours, 
^, the background per 8 hours, I=n— no the intensity of the neutron 
beam in counts per 8 hours. 


Table I. Selenium, 0 mg Blem?, n,—677 4 7. 


Mass in g/cm? 


2296 + 18 1619 4- 25 3,209 + 0,005 
1,26 2107 + 20 1430 4- 27 3,155 + 0,006 
1869 + 20 1192 + 27 3,076 + 0,007 
1525 +16 848 + 23 2,928 + 0,008 


Table II. Selenium, 21,4 mg B/em?, n4— 677 +7. 


1591 +17 914424 © 2,961 + 0,008 


1,26 1457+9 780 + 16 2,892 + 0,005 
1265 4- 15 588 + 22 2,769 + 0,009 
1020 + 13 343 4- 20 2,535 + 0,016 


I 


1224 + 23 695 + 37 
902 +17 373 + 31 
779 +19 250 + 33 


Table IV. Arsenium, 0 mg B[em?, np =529 + 14. 


2,842 + 0,015 
2,572 + 0,020 
2,398 + 0,034 


2100 + 22 1571 + 36 3,196 + 0,005 


1,26 2024417 1495+ 31 3,175 + 0,005 
3,14 1782+17 1253+ 31 3,098 + 0,006 
. 1574 4- 22 1045 4- 36 3,018 + 0,009 


1465 4- 20 936 + 34 2,971 + 0,010 


1403 + 25 874 +39 2,942--0,012  . 


1361 + 20 832 + 34 2,920 4- 0,010 
3,14 1250 + 24 7214 38 2,858 + 0,015 
4,71 1212 4-18 683--32 | 2,834+0,011 
6,28 1100+ 18 571+ 32 2,757 + 0,012 


. Table VI. Arsenium, 34mg Bjem?, ny— 529 + 14. 


cnt Lael eet RV 


2,842--0,015 . + 


1224 + 23 695 + 37 
3,14 1061 +23 532 437 2,726 + 0,018 
6,28 913413 384 427 


2,584 + 0,015 _ 
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Fig. 4 and 5 represent the logarithm of the intensity of the neutron 
beam versus the thickness of the absorber. The dotted lines show 
the limits of variation of the straight line looked for due to statistical 
errors of measurement. 

On the ground of these experimental data the following figures 
for the mean cross sections of Se and As nuclei (taking no regard to 
their isotopic constitution) for the absorption of neutrons of three 
different energy distributions have been evaluated. 


Table VII. Selenium. Table VIII. Arsenium. 


Thicknes of 
B-layer mg/cm? 


Thickness of 


SE gaa B-layer mg/em? 


o(in 10-** cm2) 


Discussion 


The values obtained for the cross-sections correspond roughly 
to the most probable energies of the neutrons, though in reality they 
are averages over the whole energy distribution. The cross-sections 
obtained for boron filtered neutrons must be attributed to larger 
neutron energies than for neutrons of Maxwellian velocity distribution. 
The result obtained for Se for thermal neutrons of Maxwellian velocity 
distribution is similar to that obtained by Dunning et al. (1935) 
(12 x 107* cm?). a 

The results obtained indicate that the cross-sections of Se and As 


nuclei for thermal neutrons are not proportional to 1/v, but depend 


on the energy of the neutrons in a more complicated manner. It is 
improbable that this change may be attributed to the existence of 
some energy levels in the thermal energy region, because in this case 
the cross sections should have been much larger. 

Therefore the obtained energy dependence must be rather inter- 
preted as the result of elastic scattering in microcrystaline structure 
of Se and As. This interpretation is supported by the known fact, 


that elements in the neighborhood of Se and As in the periodic table 
- (e.g. Ge) show strong interference effects. (Goldsmith 1947). 


ants ge 


The mean total cross-section of Ge nuclei for thermal neutrons 
is about 9x 1077 cm?, being of the same order of magnitude as that 
obtained for As. | 
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THE DEPENDENCE OF THE EFFICIENCY OF GEIGER- 
MÜLLER COUNTERS FOR GAMMA RAYS UPON THE 
WALL THICKNESS 


by M. SUFFCZYNSKI, II Physical Laboratory, Jagellonian Uni- 
versity, Cracow 


(received July 1, 1950) 


This dependence was investigated for brass and lead walls with y-rays of Ra 
and MsTh filtered through 2 or 3 cm Pb. The curves of the relative efficiency of 
the counters versus wall thickness were found to be typical ,,transition curves“ 
with flat maxima shifting towards greater thicknesses with increasing energy of 
the incident photons. 


Among the many factors influencing the efficiency of Geiger- 
Müller counters for y-rays the counter wall thickness was the least 
studied one. The y-rays are recorded in the G.-M. tube through photo-, 
Compton- and pair-electrons produced in the counter wall by the 
incident y-rays..The probability of all these processes increases with 


increasing wall thickness. However, at the same time the probability 


of reaching the effective volume of the counter by electrons originating 
in the outer layers of the walls becomes smaller. This gives rise to 
a dependence of the relative efficiency for y-rays upon the thickness 
of the counter walls. 

This dependence was investigated experimentally by Buchmann 
(1937) on a thin cylindrical Pb counter suspended in a glass vessel. 
Buchmann changed the wall thickness by covering the counter with 
a varying number of Pb cylinders. For y-rays of a RaTh sample filtered 
through 1,5 em Pb he found the optimum wall thickness (i.e. that 
giving the greatest efficiency) to be about 0,65 mm Pb. 

Other authors studying the factors influencing the y-ray counter 
efficiency (Norling 1941, Bradt and al. 1946) contented themselves 
with taking always the counter wall thickness not smaller than the 


range of the most energetic secondary electrons produced by the y-rays 
of given energy. ` 


| 
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Mme Marty (1947) determined the optimum wall thicknesses 
for several energies of the y-rays as the ranges of the fastest secondary 
eleetrons. Her data (for a eounter with Cu walls) are: 


coos foo ie fie ea 


She found also values of the absolute counter efficiency for these 
y-energies and remarked that they are valid only in the case when 
the counter wall thickness is at least as given above. She claimed to 
have experimentally confirmed her results to within 10°/ . 

The aim of the present work was to examine experimentally 
how the relative efficiency of brass and lead lined brass G.-M. counters 
varies with wall thickness, and eventually to find out the optimum 


' wall thickness for y-rays of given energy. The lack of monoenergetic 


y-ray sources has compelled the author to use Ra and Ms Th samples 
contained in platinum needles (both elements being in equilibrium with 
their derivatives). The Ra y-rays were filtered through 2 or 3 em Pb, 
the Th y-rays through 3 cm Pb. 

The counters made for the purpose of the present work were 
100 mm long and had an inside diameter of 24 mm. They were ordinary 
cylindrical brass counters except for their bottom which consisted 


- of a foil on which further foils could be placed and pressed by a ring. 


The foils of the brass counters were of brass 0,1 or 0,22 mm thick 
those of the lead lined brass counters were of gold (929/,), 0,17 mm thick; 
the latter had their tubes lined inside with a 1 mm thick lead layer. 

- A channel in lead bricks, 4 x 5 mm cross section and 30 cm length, 
collimated the filtered y-rays on the bottom of the counter parallelly 
to the counter axis. The measurements consisted in changing the 
number of foils on the bottom of the counter and registering the number 
of counts per min corresponding to each thickness. Typieal curves 


|. of the relative efficiency versus wall thickness are shown in fig. 1 and 2. 


Starting with some initial wall thickness there is a rapid increase of 
the efficiency up to a broad and flat maximum. With further increase 


of the wall thickness the efficiency decreases slowly. 


The optimum wall thicknesses were found to be as follows: 
For Th y-rays filtered through 3 cm of lead (main energy 2,62 MeV) 
1,1 to 1,2 mm of brass in the brass counter, TT 

0,17 mm Au 4-0,7 to 0,8 mm Pb in the lead lined counter. 


272 M. Suffezyiski 


For Ra y-rays a pronounced maximum was found only for brass | 
counters. For Ra y-rays filtered through 3 cm of lead (energy mainly 
counts 


min 


960 


920 


o os 40 15 — 20 2.50 3,0 mm 


Fig. 1. Relative efficiency versus wall thickness of a brass counter for poate of Th j 

filtered through 2 em of lead. Ë 
in the region 1—2,2 MeV) 0,9 to 1,1 mm of brass. For Ra y-rays filtered E 
through 2 cm of lead (energy mainly in the region 0,6— 2,2 MeV) | 
0,9 to idum of brass. 


i EA Yd. 2 e ood. a te EM, P lici eden 


et TI 


Efficiency of Geiger- Müller Counters for Gamma rays 278 


I wish to express my hearty thanks to Professor H. Niewodni- 
-ezanski for suggesting this problem and for encouragement during 
the work. I am also very much indebted to Professor M. Miesowicz 
and his collaborators for valuable help in preparing the G.-M. counters. 


References 


Bradt H., Gugelot P. C., Huber O., Medicus H., Preiswerk P. and 
Scherrer P., Hoy. Phys. Acta, 19, 77 (1946). 

Bee wank K., Phys. Z., 38, 817 (1937). 

Marty N., J. Phys. Radium 8, 29 (1947). 

Norling F., Ark. Mat. Astr. Fys., 27 A (1941). 


«^.^ a X 
a z 
1 to 
) - —— ame 
1 [D par 
Ej T ^ TEE ' 
RET . 
32: Mae “Ta a M 
J I— : € i , 
7 ; T 7 
"y i Ver t4 x 


hoe x M WC uU Fo t. ERI ETE DAU 7 TEE 
ta | —n" donas. 2. Gui ted p. eee ads 
TENES T | e qun m raid inet 
sia P PARRA ES eae quini M ia a 
Sipe M pue. biet Dey baie EX ae 


B 


Aue SE ddp walls a, pae 


b 
e A 


Vol. X (1950) Acta Physica Polonica Fasc. 3—4 


ON THE LOCAL GAMMA-RADIATION APPEARING IN 
MEASUREMENTS OF COSMIC RADIATION AT GREAT 
DEPTHS 


by M. MIESOWICZ and J. M. MASSALSKI, Physical Laboratory 
of the Mining Academy, Kraków 


(received August 12, 1950) 


The authors give new arguments that the low ionizing isotropie radiation 
giving more twofold than threefold coincidences in the measurements of cosmic 
rays at great depths is of local radioactive origin. 


, The first results of our measurements of the soft, low ionizing 
radiation at depths up to 660 m w.e. have been recently published 
(Miesowiez, Jurkiewiez, Massalski 1950); the present paper contains 
the results of farther experimental investigations of the same subject. 
The soft, low ionizing, isotropie radiation was first observed by Bar- 
nóthy and Forró (1939) and later discussed by them in several papers 
(Barnóthy and Forró 1947, 1948, 1950). 

In consequence of some discussion caused by our first paper 
(Barnóthy and Forró 1950, Greisen 1949, 1950), we should like to consider 
once more the results od Barnóthy and Forró. These aüthors discovered 
the radiation under discussion by means of a counter telescope, 
measuring first twofold and then threefold coincidences. They found 


that in the circumstances of their measurements at the depth of . 


about 1000 m w. e. the twofold coincidences were 20 times as frequent 
as the threefold. In their first paper Barnóthy and Forró (1939) admit 
the possibility of explanation of their results by means of a local 
y-radiation. But in their next papers (Barnóthy and Forró 1947 , 1948) 
they exclude this possibility and consider this low ionizing radiation 
as a component of cosmic radiation. Their chief arguments are: 
(1) They consider the ratio of threefold to twofold coincidences 
as the efficiency of the G. M. counters for this radiation and they 
evaluate it to 5 per cent. This. efficiency is about 10 times higher than 
the efficiency for the y-radiation of RaC, which Barnothy and Forró 
give as 0,4 per cent. 
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(2) They have ascertained that this radiation is approximately 
isotropic, but they have found some maxima on the absorption curve 
for vertical position of the telescope. The general character of the 
absorption curve shows that this radiation is absorbed up to 50 per cent 
by 6 mm Pb; beyond this thickness it is only slightly absorbed and 
still present at 11 em Pb. According to Barnóthy and Forró these 
circumstances exclude the interpretation of this radiation as y-radia- 
tion: they consider it as a low ionizing component of cosmic rays. 

Besides the phenomena mentioned above, Barnóthy and Forró 
describe some other measurements investigated with threefold coinci- 
dences which concern the absorption curve and the angular distribu- 
tion of cosmic radiation at great depths. Independently of the formerly 
mentioned experiments they conclude from these measurements that 
perhaps another penetrating low ionizing component of cosmie radiation 
may exist at those depths. Our paper do not deal with these pheno- 
mena but with the radiation formerly described and called A-radiation 
in our previous paper. 

In that paper we separated the A-radiation by simultaneous 
measurements of threefold and double coincidences. Moreover our 
counter telescope differed from that of Barnóthy and Forró, as it 
was protectéd against side showers by means of anti-coincidence 
counters. We analysed the problem of the efficiency of the counters 
for A-radiation and we ascertained that it was impossible to consider 
the ratio of the threefold to twofold coincidences as the efficiency of 
the counters because of the presence of an appreciable number of 
ionizing particles. By comparison of the A-component with the radiation 
absorbed by 50 mm Pb, measured with a single counter (where the 
- ionizing component is only a very small fraction of the whole radiation), 
we have obtained as the efficiency of the twofold telescope the expres- 
' sion Aa’, A being the efficiency of the single counter for that radiation. 
and 4’ the probability that a particle or a y-photon which has entered 
the first counter in the solid angle of the telescope and discharged 
it will also discharge the second counter. We have obtained for 4’ the 
value of 0,002 which is about 20 times smaller than that given by 
Barnóthy and Forró. This value is several times smaller than the 
efficiency of a single counter for y-radiation. The preliminary results 
of our absorption measurements did not confirm the anomaly of the 
absorption found by Barnóthy and Forró. For the absorption coefficient 
we obtained approximately the same value as for y-radiation of about 
1 MeV energy. purest 

These results, together with the isotropy of the radiation, brought 
us to the conclusion that it is very possible that we have here to do 
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with a y-radiation of local radioactive origin, contrary to the opinion 
of Barnóthy and Forró expressed in their recent papers (1947, 1948). 

As the results of our later measurements we are now able to 
present definite evidence confirming our conclusion that the .A-radia- 
tion is of local radioactive origin. We think that this explanation may 
throw some additional light on the opinion of Greisen (1950) on this 
subject. 


Measurements of the A4-radiation at different depths and 
at the same depth in different places 


The intensity of the A-radiation was measured at different depths 
and different places and compared 

(1) with the intensity of cosmic radiation by means of threefold 
coincidences, and 

(2) with the intensity of the radiation measured with a single 
counter. 

At a certain depth we found two places, differing in their geologi- 
cal characteristics, with very different local y-ray intensities. The result& 
of our measurements are given in Table I. T is the number of threefold 


Table I 


Depths : N 

TT Surroundings p. m. 
145 silt |42,2 +0,5 [45,8 +0,5 | 3,1 +0,15 | 301 +5,5 
220 rock-salt 163 +0,5 17,1 £0,5 |08 FOI 83 5,5 
313 rock-salt 8,5-40,4 1106,22 0,4 | 1,7 0,2 | 15356 
313 silt 8,2 +0,4 |14,3 20,5 | 61 +03 | 543--4,5 
155m rock-salt 3,78-£0,3 | 4,6540,2 | 087401 99-43 
545 rock-salt 1,94--0,07 | 2,70::0,09 | 0,76:-0,08 | 8243,6 
660 rock-salt 1,38 + 0,06 | 1,91 2- 0,07 | 0,53 +0,04 | 5143 

Å— i e 


coincidences p. h., i.e., the intensity of the ionizing component of 
cosmic radiation; D is the number of double coincidences; A= D—T 
is the number of coincidences caused by the A-radiation; N is the 
number of pulses in the single counter p. m. obtained by substracting 
from the number of pulses in this counter the background of the 
. counter (12 pulses p. m.) as well as the number of pulses caused by 
the ionizing component of cosmic radiation. In most cases this last 
number is quite small and may be neglected. 

The dimensions of our telescope were the same as those given 
in our first paper (the distance between the extreme counters was 
18 cm, the areas of the counters were 4,3 X 65 em?). The single counter 


——— 
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used in these experiments was of the same size as the extreme counters 


of the telescope. The wall thickness of all counters was 1 mm. 

It may be seen from these results that the dependence of the 
intensity T of cosmic radiation on the depth H for depths of 
220—660 m w. e. follows the simple law T-.H-", in agreement with 
the earlier measurements of different authors (e.g. Clay and Ge- 
mert 1939). On the diagram log T vs. log H appears an almost straight 
line with a coefficient y —2,4. We have found no dependence of the 
number of A-coincidences upon the number of T coincidences, 
i. e. upon the intensity of the cosmie radiation. On the other hand, 
we see that the A-radiation is, within the limits of experimental errors, 
proportional to .N. N does not depend upon the depth but is connected 
with the geological structure of the layers in the surroundings of the 
apparatus. As is well known, the radioactive contents in rock-salt 
are very low in general, but in silt they are relatively high. This can 
be seen from Table I for two places at 313 m w. e., 15 m distant from 
each other. One of these places is surrounded by silt, the other one 
by rock-salt. Taking all this into consideration, we assume the number N 
to be the measure of the y-radiation of the surroundings. We see that 
for the above mentioned two places we have also two different values 
for A which are proportional to N, i.e. to the intensity of the local 
y-radiation, and independent of the cosmic ray intensity. 

We present this fact as the main argument in our demonstration 
that the A-radiation is the local y-radiation having its source in radio- 
activite contaminations of the surroundings. 

Our measurements of the absorption of the A-radiation enabled 
us also to determine the character of the radiation concerned. 


"Fig. 1 gives the results of our new, more accurate measurements of 


dp tuom 


the absorption of the A-radiation for the thicknesses of 0—20 mm Pb. 


Discussion of results 


We consider our results as the definitive proof that the A-ra- 
diation is of local radioactive origin. After the publication of our 
previous paper, Barnóthy and Forró (1950)! have given some results 
which might be also considered as a proof of the local y-ray character 
of the A-radiation. In particular, the differences between our measure- 


"ments and those of Barnóthy and Forró at 1000 m w. e. carried out 


in a corridor covered on all sides with bricks (which are much more 


1 We are greatly indepted to Professor Barnóthy for sending us a copy of 


| his report at the Midwest Cosmic Ray Group Meeting, Ann Arbor 1950. 
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radioactive than rock-salt) are now clear. Another proof of the cor- 
rectness of our interpretation may be found in the results obtained 
by Barnóthy and Forró in a coal mine at 730 m w. e.: low intensity 
of loeal radioactivity and low intensity of A-radiation. Also the effi- 


ciency of their counters which they have evaluated now according 
to our method is of the same order of magnitude as in our case. 


Ah 
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We cannot explain the existence of the maxima at 6 mm Pb 
found by Barnóthy and Forró in the absorption curve of the radiation 
giving double coincidences. We have found no indication of that 
maximum, though it seems to us that we had more adventageous 
conditions for its discovery, notwithstanding the fact that we worked 
at smaller depths. By simultaneous recording of double and threefold 
coincidences we were able to diminish the statistical error of the dif- 
ference .D — T which is the measure of the low ionizing radiation; 
furthermore we had a smaller background-rate of A-radiation and 
a higher intensity of cosmic rays (at 313 m w. e.) which ought to be 
responsible for this maximum. 

Indeed the mechanism of the twofold coincidences given in 
appreciable amount by single y-photons has to be explained. Retaining 
the conception advanced in our first paper, we suggest that a y-photon 
entering the first counter may be scattered there in a Compton process 
and after discharging this counter may be recorded afterwards in the - 
second counter. In our circumstances these rare double processes occur 
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at the rate of several coincidences per hour and it is possible to observe 
them owing to the very low intensity of cosmic rays underground. It 
is obvious that the efficiency for y-rays of a counter in coincidences 
is lower than the efficiency of a single counter. This is so because 
of the diminution of the energy of the y-photon in the first Compton 
process and because of the fact that the double coincidences are not 
possible if the first counter is operated through some other process 
than the Compton effect. 

We must distinguish the case of the isotropic radiation under- 
ground from the case of a point source of radiation placed in the plane 
of the telescope, as considered by Barnóthy and Forró in their recent 
paper (1950). In the first case we get from our last measurements 
for 4’ the value 0,004 which is a quite reasonable value for natural 
radioactivity if we take into account the reduction of energy in the 
Compton processes. In the second case the value of 4’ must be much 


lower due to scattering, which produces an effective decrease of the 


efficiency in addition to all the causes already mentioned. It is true 
that in the case of isotropic radiation some y-rays leave the solid 
angle of the telescope due to scattering but others enter it in approxi- 
mately the same amount. The problem of the mechanism of the coinci- 
dences produced by y-photons in two counters is the subject of further 
investigation now being carried out in our Laboratory. 

This work has been performed under the auspices of the Cosmic 
Ray Commission of the Polish Academy of Science and Letters. 


Note added in proof. Recently we came across an abstract of a paper of 
Bollinger (1950) who investigated the excess of twofold over threefold coincidences 
at great dephts and came to the same conclusion that it is caused by a local 


y-radiation. 


| 
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ON THE RANGE-ENERGY RELATION OF LOW ENERGY 
PROTONS AND « PARTICLES IN A PHOTOGRAPHIC 
EMULSION 


by Ludwik NATANSON, Institute of Experimental Physies, Uni- 
: -= versity of Varsaw 


(received August 22, 1950) 


The lengths of tracks of tritons and a-particles produced in the reaction 
Lie (n,a) H? have been measured in Ilford „Nuclear Research“ emulsion C2, and the 
results of these measurements have been compared to those values which should 
be expected from Rotblat's range-energy curves. 


The relationship between the energy of a particle and its range 
in a medium in which it can be directly measured, as in a cloud chamber 
or in à photographie emulsion, may provide a basis for the evaluation 
of energies in investigations of nuclear phenomena or of cosmic ra- 
diation. On the other hand, it may also give some useful information 
on the interaction between a particle and the electrons and nuclei 
of the medium. 

By measuring the track lengths of particles scattered elastieally 
through various angles by a homogenous beam of deuterons, Rot- 
blat (1950) determined the ranges of protons and a-particles in the 
Ilford „Nuclear Research“ emulsion C2 for energies up to about 8 MeV. 

Since the Q value for the nuclear reaction 


| Li* (n,a) HB 


is now known from other experiments with a comparatively high 
degree of accuracy, it seemed interesting to measure once more the 
lengths of tracks of tritons and a-particles produeed in this reaction 
and to compare the results of these measurements to those values 
which should be expected from Rotblat's range-energy curves. 
According to recent accurate measurements by Tollestrup, Fowler 


— 


JM —————— 2 — 


and Lauritsen (1949) the energy release in the Lié (n,a) H? reaction is 


Q= 4188 + 0:023 MeV. 
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Dividing this amount between the two particles in inverse ratio to 
their masses we get 


Q,—2:057 MeV, Qui,—2731 MeV. 


Making use of Rotblat’s curve for a-particles we find the range of 
a 2°057 MeV a-particle: 

Teg OO 
or, if we take into account the +3°/, correction for moisture in the 
emulsion, 

R= 026 y. 

It follows from theoretical considerations that, when the velocity 
of an incident ionizing particle is high compared to the orbital velo- 
cities of the electrons in the stopping medium, its range may be 
expressed in the form 

R= Mf Je, 
where M is the mass of the particle, e its charge and V, its initial velo- 
city. Hence the ranges of particles differing in mass but carrying the 
same charge and having the same initial velocities should be directly 
proportional to the masses. 

Insofar as the above formula is correct, it is thus possible to find 
the range of a triton on the basis of a range-energy curve for protons. 
The triton range for any given energy should be k times greater than 
that of a proton of k times smaller energy, k being the mass ratio: 


k=triton mass/proton mass. 


Applying this usual method to the case of a 2°73 MeV triton we find 
from Rotblat’s range-energy curve for protons, after correction for 
the moisture content in the emulsion, a range: 


Reriton= 38°9. 


Our experimental procedure may be briefly described as follows. 
A lithium loaded C2 plate was irradiated with neutrons from 
a Be+40 mg Ra source through a. thick Pb screen to absorb y-radia- 
tion. The whole was covered with large blocks of paraffin. In view 
of the difficulty of locating exactly the point where a disintegration 
occurs, no attempt was made to measure the a and the triton tracks 
separately and only sums of both tracks where measured. Only well- 
- defined tracks, ending within the emulsion and having the appearance 
of a single straight line, were selected for measurement. All tracks 
either forming an angle visibly differing from 180° due to the residual 
— momentum of a noncompletely thermalized neutron, or having an 
|! angle of dip over 15°, were eliminated. E 


} 


| 


282 L. Natanson 


The measurements were effected on a Spencer microscope with 
an oil immersion 95 x object glass and a Baker micrometer eyepiece 
with a movable cobweb actuated by a micrometetr screw. The latter 
had been previously calibrated on a standard micrometer scale — 1 mm 
divided in 100 parts — placed on the microscope stage. One division 
of the drum was found to correspond to a 0:931 u shift of the cobweb. 
The differences in depth between the ends of an a and a proton track 
were measured with the mierometer screw for fine focus adjustment 
and the component perpendicular to the plane of the plate was multi- 
plied by the factor 2:2 to compensate for the shrinkage of the emulsion. 

In all, 40 tracks were measured, each component perpendicular 
to the plane of the plate being measured three, and each component 
parallel to the plane of the plate being measured five, times. The mean 
value obtained is 


Rota = Rat Reriton= 42°67 y 
with a mean square root deviation 
+ 0°27 u. 


Again using Rotblat’s curves to find energies corresponding to 
ranges which, added together, would give the above value of Rita and 
would have the correct ratio to one another, we get;: 


= 1:94 MeV, JURE 2:58 MeV 
and thus i 
Q = 4'52 MeV. 


The wide discrepancy between this value and that found by 
Tollestrup, Fowler and Lauritsen, using more accurate methods, lends 
support to the view that track lengths measured on different instruments 
and in different laboratories are not strictly comparable. For higher 
precision work it would probably be preferable if the average length 
of a track associated with some easily obtainable nuclear event were 
adopted as standard of reference. 

However, it should be noted that the value of Ras as found 
by us is in excellent agreement with that given by Mme Faraggi (1948) 


iota = 43:0 + 0:4 u. 


She has determined the ranges of the two products of the desinte- 


gration of Li by thermal neutrons separately, but the degree of un- 


certainty of these determinations must be higher than that of their sum. | 
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Keepin and Roberts (1949), working on plates of a different 
type, and with fast neutrons, got a somewhat higher value: 
Rrota=45'0 + 1°7 u 


but Cüer, Longchamp, Combes and Gorodetzky (1949) who have 
measured Riton only, give: 


Riton = 35°46 + 0°2 H- 


' If we substract the latter value from our own A4 there remains 


for E, almost exactly what should be expected from the Q value of 
Tollestrup, Fowler and Lauritsen and from Rotblat’s curve for a 


` particles. 


This may be taken as an indication that Rotblat’s curve for 
a-particles is reliable down to energies about 2 MeV, whereas the 
curve for protons should run some 30 KeV higher in the region about 12u. 

In the region of still lower energies, Cüer and Morand measured 
the range of 0°56 MeV protons from the reaction ; 


N' (n, p) C'* 


and so determined another point on the range- energy curve lying 
also slightly above Rotblat’s curve in this region. 

It would probably be possible to draw a smooth curve passing 
through both these points (i. e. 0°56 MeV — 6 u and 0°91 MeV — 11°5 p, 
the ranges being taken for a dry emulsion) and joining Rotblat's curve 
about 1 MeV. 

The stopping power, relative to normal air, of the C2 lithium 
loaded emulsion as computed from Cüer's, Longchamp’s, Combes's, 


 Gorodetzky's and from our own experimental data would be (assuming 


average humidity condition of the plates): 


for protons about 0°9 MeV approx. 1880, 
for a particles about 2 MeV approx. 1430. 


I am indebted to Professor Pieńkowski for this interest in this 


/ work and for his helpful advice. 
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THE NEW EINSTEIN THEORY AND THE EQUATIONS 
OF MOTION 


by L. INFELD, Universities of Toronto and Warsaw 
(received Sept. 10, 1950) 


It is known that the field equations of General Relativity Theory determine 
motion without any additional equations. If, besides the gravitational field, we 
assume the electromagnetic field, then we obtain the Lorentz equations of motion. 
The question is what kind of equations of motion we obtain in Einstein's new theory. 
The answer is: we do not obtain the Lorentz equations of motion by means of the 
- new approximation method; the equations of motion are essentially the same as 
in General Relativity Theory, if an electromagnetic field is absent. 


1. Introduction 


The new Einstein theory (1950) is mathematieally attractive 
but its role in science can only be established through the conclusions 
that ean be drawn from it. Einstein himself hopes that his new theory 
will turn out to be a real field theory, that is, he believes that his 
equations possess solutions free from singularities and representing 
particles. To show that such solutions exist (or that they do not) is. 
a difficult task. The one formulated in this paper is a more modest 
one: to investigate whether the new Einstein theory gives equations 
of motion which are consistent with experience, that is, whether we 
can obtain the Lorentz equations of motion. Unfortunately the result 
is negative; the equations of motion remain Newtonian and are un- 
influenced by the ,,electromagnetic field“. : 

Yet it would not be right to regard this result as a death blow 
to Einstein's theory. The conclusion drawn here and the argument 
given follow along conventional lines as far as the electromagnetic 
field is concerned. It is possible that not Einstein's theory, but rather 

the conventional approach is at fault. 

In a series of papers (Einstein 1938, 1940, 1949; Infeld 1938, 1940) 
the problem of motion, as determined by the field equations alone, was 
investigated according to General Relativity Theory. Here we apply essen- 
tially the same method to Einstein's new theory. Knowledge of the 
earlier papers is assumed, especially in the content of section 3 and 4. 


H 
P. 


} 
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2. Components of the affine connection 


In the new Einstein theory, we have two kinds of differentiation: 
one with a + sign and one with a — sign. Changing Einstein's no- 
tation slightly and writing the + sign under the stroke to denote 
eovariant differentiation we have 


dox TA Lor A'r =A Rr ATTE, (2.1) 
where comma denotes ordinary differentiation. Similarly we have 


As =A Ap Ts ‘A; | p= A5 — Ap hs: (2.2) 


The fundamental tensor g, has its symmetrie and antisymmetric 
parts. The components of the affine connection (Ij) are defined through 
algebraic equations which state that the covariant + differentiation 
of this tensor vanishes. More explicitly we have 


Jap gudals ug Pn (2.3) 


These are 64 equations for the calculation of the 64 Dg compo- 
nents. To these Einstein adds the condition - 


D, 2(lp, — L5.) = 0. (2.4) 


These are complicated algebraie equations. But, as we shall 
see later, when investigating the equations of motion we need only 
approximate solutions of (2.3) and (2.4). Therefore, we shall solve 
them only approximately. But our procedure will show that we can 
push the approximation as far as we wish. We write 


In nt bin (2.5) 


where a, is the symmetrie and fa the antisymmetric part of ga. 
In this paper we shall speak only about the covariant fg. But as far 
as the a, are concerned, we can and shall define a/* by means of 


yg — òh. (2.6) 


But we must bear in mind that a! defined by (2.6) is not the 


symmetric part of g" defined by means of 


ds. 9" = Ok - (2.7) 


Instead of starting with (2.5) we could have started with a division 
of the contravariant tensor g^ into symmetric and antisymmetrie 
parte i g-— akl pl 

19* 
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Our entire argument would have been different, though very similar, 
and the conclusions, of course, the same as reached in this paper. 
Thus when we use the Christoffel symbols [ ] and { }; we shall 
. understand them as those referring to ay: 


[H5] — sso Ga — ams), fA) = eres], (2.8) 


where ars is defined by means of (2.6), and not as the symmetric part 
of grs. We shall now write 


ri- MESE (2.9) 


and, therefore, the problem of finding the J"s is reduced to that of 
finding the M’s. 

One more notation: we shall introduce ordinary covariant Rie- 
mannian differentiation: 


Agi =A, —Ayg la] etc. (2.10) 


If we take into account (2.5) and (2.9), then we can write 
equation Sou which defines the I"s, in the following form 


fai Mf — as M — us heh far Min— fisMizx=0. . (2.11) 


This is 80, IRE 


Or, (2.11) can also be written in the slightly simpler form: 
fiti — Ost Mki— ars Mü— fs M$;— frs Ma = 0 (2.13) 
We now write two equations, by changing the indices in (2.13): 
Pug — si Wik — ars Miu — fsi Miz — fi Mi; = 0, (2.14) 
E fiti — Os M3 — 04, Mt — fa M3 — frs MS = 0. . (2.15) 
Now, if we form (2.13)—(2.14)--(2:15), we have 
na + Pata — fuk) — ars Mj — fis Mi, — fa M2 = 0. (2.16) : 
We define RE : 
: Tui — 3 at + Pate + fug) = $n Iac fua) (2.17) 
and we have 
jo t en sene Malide Medal . (2.18) 
Mi= 0" fue — Tue — fu Me —fa Mi) (219) 


bags 0! SEATS aa) 


f 
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Let us now write 
Aks = Nrs F hys, (2.20) 


where noo =l, Mu 739 = Ng =—1 and 5412 0 for k+l. Assuming that 
his, frs, Mi; are all of the same order, we can solve (2.14) by suc- 
cessive approximation, crossing out in the first approximation the 
terms which contain M’s on the right-hand side of (2.19) because 
they are multiplied by f's. Then we can introduce again on the right- 
hand side of (2.19), the first approximation of M and obtain M up 
to the second approximation, and so on. Thus (2.19) can be used to 
find the M’s up to an arbitrary approximation. 


3. The M’s according to the new approximation method 


We shall now use what we called (Einstein 1938) the „new 
approximation method“ for calculating the M’s. Thus from now on 


we change our notation in the following respect: all indices run from 1 


to 3 and not, as before, from 0 to 3. The method itself distinguishes 
time and assumes that the derivatives with respect to time are small 
compared with those with respect to space. . . i 
When investigating the problem of motion, we developed the 
gravitational field into a power series in the parameter A: 


Joo =1+ ? got P goot m 
Son —^ Jom+ Pdon t + (3.1) 
Gmn=—Omn + P mn A Imn + m 


We shall assume the same development here for nonsymmetrie g's. 


Thus we have 
ao =1+ Dag 4^ dot d 


Anm — 2 Gom + 4 dom e (3.2) 
3 
Amn — —Ómn-- P mn A Amn + Se 


and 
i for ql ee Aot e. 


i (3.3) 
Ímn— A fmn t A fmn + eS 

(We may remark in passing that this development in A's, which puts 

the a's and f's on an equal footing, is not the only possible one, though 

it is the simplest. The final result would be the same if we were to 

regard the order of foa even and that of fmn odd.). 
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Let us now go back to (2.19) and calculate the M’s. We have 


Mo=90, M»—MiQ-HM92,$- 0. 
3 2 2 2 (3.4) 


t 0 PTS 
M — —fosac Tot, M= foot Ie, Mmn=—fmnpt Imnp- 
3 3 3 3 21.1258 2 2 2 


But for the equations of motion we need the J”s at least up to the 
fourth order. Only M's with even zeros can be of this order. Thus 
if we introduce (3.4) into the right-hand side of (2.19), we obtain 


Móy—0, Mu= foto 
4 4 ER a 
MI —fanpid Linan Ima fapa EY 
4 4 4 2 2 2 


sat fh. fs v at 2.120 8 (3.5) 
Jos fma Inna) +2" (nk — Ln) [el feno] 


. Let us note that with the exception of ML, all the other M’s 
4 


are antisymmetric in the lower indices. For future reference, we shall 
write down the symmetric and antisymmetric parts. of M?,. Fol- 
4 


lowing Einstein’s notation, we shall denote them by 
ML. and ME, 
respectively. Then: 
Mb —fms(—fnp,s+ Inps)—fen (—fpm,s-t- i 
ELI 2 2 2 2 2 2 


aM e np Imnp-- CHT pee Tony) 
v 4 4 2 2 2 


| -/ "pnl mi "inp j 


Thus everything is prepared for finding the equations of motion. 


(3.6) 


4. The field equations of the second order 


| We denote the contracted curvature tensor by Ey. We rewrite 
equations (15) and (24) of Einstein's paper (1950): 


Fai Dis — Die Ust — 3 isi HT i,k PED 0, (4.1) 


. where in this case exceptionally all the indices run again from 0 to 3. 
Now we shall denote by Px (k,l=0,1,2,3) the Riemannian curvature 
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tensor which can be gained from (4.1) by inroducing the Christoffel 
symbols of the second kind instead of the l"s. If we return to our 
notation in which the indices run from 1 to 3, we have, because of 
(4.1), (3.4) and (2.9) 


Tio — Poos Rom= Pom— fom,ss+ Loms,s, Rmn = Pma—Jmnpp+ Lmnp,p (4.2) 


Thus from (4.2) follows 


Jin l= V Tien = Ponzs0 m hka P (4.3) 
2 2 Sog IERS ppc 0) 
and: 
—Jom.ss + Loms.s= 0, fmn ppt Lmnpp= 0. (4.4) 
2 


To these equations we must add (2.4): 
P= p au) = Mh. — a 0, To= Mis = — foss = 9 (4.5) 
2 2 2 2 2 3 3 


Thus (4.4) and (4.5) lead to the following field equations because 
of (2.17) ; 
Ímn,ss= 9, Íms,s— 0, fom,ss — 9, “foss = Ô. (4.6) 
2 2 3 3 


We see that in the second approximation the equations split 
into equations of the „gravitational“ and „electromagnetic“ fields. 

Of course, these conclusions have no meaning near the „center“ 
of the particle since there the fields are strong and there is no justi- 
fication for an approximation procedure. Indeed (4.5) and (4.6) admit 
only a solution with a singularity and can only be valid far from the 
„center“, where the field is weak. Thus we can imagine a sphere around 
the particle and regard the solutions of (4.6) as representing the field 
outside this sphere. But the entire technique of finding equations - 
of motion is based on the formation of such spheres, on the formation 


.of surfaces around the particles and the proof that some surface in- 


tegrals do not depend on the size and shape of the surface as long as 
each of them encloses only one particle. Thus if the particles are not 
vary near to each other, the deduced equations of motion which re- 
present the motion of singularities will be the same as those of par- 


ticles with regular solutions (if they exist). 
We turn now to equations (4.5) to look for a solution that can 


be identified, far from the centers, with a field of p charges. 
We introduce 


1 2 9 p 
9-—94-9-4-94- o9 (4.7) 
2 2 2 2 2 ‘ 
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where s corresponds to the k-th particle. Its path is described by three 
2 


funetions of time: 


k 
zm) aL (4.8) 
and velocities of order A, accelerations of order 4? by 
: d 
E(t) and é(r) (4.9) 


k 

respectively. Furthermore we denote by r the distance of the point 
in space from the k-th path at a certain given moment: 

k k k 

r= (gm — Em) (gm— m), (4.10) 
Using the notation familiar to those who have studied the quoted 
papers (Einstein 1938, 1940, 1949; Infeld 1938, 1940), we have 
dog (4.11) 


k 
where e is proportional to the charge. 
2 
Now we define: 
fmn = EmnsP,s (4.12) 


and we see that indeed the equations 
Inns —0; Ins —0 (4.13) 


are satisfied. The first one is satisfied because fmn is a harmonic function; 


the second because Emns 18 à completely adtísymimetrie Cartesian tensor 
in three dimensions. 
To satisfy the other two equations, we inteoduee 


p k E 
Vm-— 3 Pm) Pm=P 5" (4.14) 
3 k=18 3 2 1- 


and 
fot = €0tnm Pn,m 


where éginm are components of a completely antisymmetrical Cartesian 
tensor in four dimensions. Again we see that the equations 


fomss=93 fso, 0 
3 DM 


are satisfied because fom is a harmonic function and sg44 is completely _ 


antisymmetric. 
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To this solution we have to add the solution of the gravitational 
field. This however can be omitted since this problem was carefully 
investigated in previous papers (Einstein 1938, 1940, 1949; Infeld 
1938, 1940). 


5. The equations of motion 


The theory of deducing equations of motion from field equations 
is not simple. In the case of General Relativity Theory, we can show 
that field equations can be satisfied only in the fourth order if the 
singularities (representing particles) move according to Newtonian law. 
But our question here is: what changes are induced (in the fourth 
approximation) by the additional terms, that is, by the fact that gm is 
not symmetric. Here we shall only give the method. Its justification 
is clear to anyone who has studied the quoted papers. 

Let us form 

— Amn = (Jin — Pann) — 4 Òmn (Roo — Poo) — 4 Òran (Eas — Pss). (5.1) 


After finding Amn, we form a surface surrounding the k-th electric 
P à 


singularity whieh, aecording to our results, may be, but need not be 
a gravitational singularity as well. (This is so because the two fields 
do not mix in the second approximation). Denoting by ną the „normal 


' unit" veetor to the surface, that is 


> 
Np= COS (n, x$), (5.2) 
we form 
18 : k 
47t 4 : 
the integral to be taken over thé surface surrounding the k-th sin- 
gularity. If : 
Amk;k = 0, 


the integral in (5.3) will not depend on the shape of the surface. But 


| then it can depend only on the &'s and their time derivatives, thus 
giving a contribution to the equations of motion. 


The theorem is obvious to anyone who has studied the problem 
of motion as developed in (Einstein 1938, 1940, 1949; Infeld 1938, 1940). 
Thus to form Amn we must calculate Bii t o and Emn — Pn: 


The definition (4.1), together with (3.4) and (3.5) result in 
| | DU Post t5 (5.4) 
4 4 
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As a result of (4.1), (3.4) and (3.6), a straightforward calculation gives 
Pit ee = {— fms(~Ínp,s t Tape) senis toute i "eme 
4 4 2 2 2 2 2 2 
TEC Usb 7 Tema Tim) fas Lx Zips) |,m (5.5) 
—(—f mt,s+L mis) (—fent+Lent)- 
2 2 2 2 


Many of these expressions vanish because of the field equations 
(4.6) and (4.12). For example, the tensor 7,,, has only one independent 
4 2 


component different from zero. Calculating Iis, we find from (4.12) 
2 
and (2.17) 
Tus 2:402 (5.6) 


Thus we can cross out in (5.5) all expressions containing I. The 
2 


expression fstftm,s appearing in (5.5) can be written 
2 2 


Ix lene = Estr €tmp Yr P ,ps 
249 2352 


D-T 
——(Ósm (Pe TE "is Orm) pr Pps ix Pe 9.pm* ( ) 
Therefore - 
Rmn — P mn = Q.pn Q,pm + 9. p P,pmn SF inta Iapa 
4 4 2 2 vy) oy 2 2 (5 8) 
Tess ~ Pss = P,ps P,ps + lip TS = 29 ps Y ps: j 
4 4 2 2 2 2 
From (5.4) and (5.8) we can now find Amn defined in (5.1): 
Ann = m Sane SE Onn Pn Pr — Ümn Y pr 9,r],p . (5.9) 
4 2 2 2 2 z 2 


But the expression inside the brackets is antisymmetric in the indices 
(np). We see also that 


Amn,n — 0. (5.10) 


Thus the surface integral if 2Amk NAS does not depend on the shape 
of the surface. Instead of (5.9) we write 


, 
sion =F mnp,p 


where P,,, is the expression in the brackets of (5.9) satisfying the 
eonditions 


Emap = —F nny LE inion 0: . "QUUD 


' 


y, 


] 
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Thus we have to evaluate the surface integral 


1 


, Y 1 
re DNE NR dS =— z; J Pos Nk as. (5.12) 


But such an expression is essentially the surface integral of a curl 


_ and therefore vanishes if the surface is closed (see Einstein and Infeld 


1949, p. 213). 

Therefore the result: no additional terms appear in the equations 
of motion. In this approximation, we can not obtain the equations 
of motion. Since this approximation is the only one that can give the 


terms in which the products "S appear, that is, the products of charges, 
then the proper equations of motion cannot be obtained by the use 
of the new approximation method. This is the more surprising since 
the old-fashioned approach, in which the energy momentum tensor 
of the electromagnetic field is used, does give right equations of 
motion (see Infeld and Wallace 1940). One might think perhaps that 
an independent and purely geometrie invariant formulation of the 
equations of motion can be given. That is, we might assume that the 
equations of motion are 


3 

d? £m m dén de> i, pr 

A Dp 45 m=0,1,2,3. (5.13) 
a,b=0 

But this is not so. Indeed, if we develop (5.13) up to the second order 


we have 
DE 
2 
since Mjj—0. Thus again we obtain only the Newtonian equations 
of S 
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On the Interaction of Particles in Feynman's Theory *) 
by J. Rzewvsxi 


Physical Institute, Nicholas Copernicus University, Torun 
June 21, 1950 


In a recent paper Feynman! developed a method for calculating Heisenberg’s 
S-matrix as an expansion in powers of the coupling constant. The method consists 
in studying the dependence of the solutions of the Schrédinger equation on their 
boundary values. The interaction of particles is deduced by a generalization of the 
Coulomb potential. 

In view of the importance of the problem of interaction and of the fact that 
Feynman’s theory seems to give rise to ambiguities in the case of nucleons inter- 
acting by means of charged vector mesons, we wish to discuss a different method 
of introducing the interaction of particles in the frame work of the general theory 
of Feynman. 

As an example to illustrate the method we consider the case of nucleons 


interacting by means of a charged vector meson field. Take the transition of two - 


nucleons a and b from the states w a(l); v4 (2) to the states 9,(3), g,(4) under the 
influence of a mutual interaction which we assume to be small. (Feynman's notation 
is used throughout this letter). We may regard this process in the first approximation 
as a simple scattering of nucleon a in the field of b and of b in the field of a. To 
a transition of nucleon b from the state wy, (2) to the state p, (4) corresponds a certain 


current density j(?(6). About this unknown current density one may make one . 


obvious assumption: that it depends linearly on the state v as well as on g. Thus 


| i9) — g ff f Patz Polt) ba ` X(6; 4,2) 8, v, (2), (1) 


where X(0(6; 4,2) is an unknown matrix function of the points 2, 4 and 6. To find 
the action of particle b on a it is necessary to make some further assumptions as to 
the connection of field and current. As we wish to describe the interaction in terms 
of a charged vector meson field we assume the simplest covariant equation for 
a complex vector field having a positive definite energy. Such is the equation of 
' Proca: 


;() 
even pi. «9, 1.9 95 
(D2) A@ = ses cs oe (2) 


* Reported at the Conference of Theoreticai Physies, Toruf, May 1950. The 
full account of this work is in press in the Stud. Soc. Sec.. Torunensis. 
! Feynman R. P., Phys. Rev., 76, 749 and 769 (1949). 


—— 


Pica ws 
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The solution of this equation may be written 
AW (2) — —42g | Fus (2, DPA da, (3) 


where the kernel Fw satisfies 


Pi 
— 21) Mr ua 
(L1— #*) Fur(2,1) = F PORTET xz] 6(2, 1). (4) 
The Fourier integral representation of Fy» is 
1 
1 Suv — hu kv ne 
F wr (2, 1) = (22) a 75 eem pec V X» d E. (5) 


Assuming positive energy mesons moving forwards in time only, one gets the con- 
dition that the integration path must pass the negative pole in the integrand of (5) 
in the lower half of the complex k,-plane. The path around the positive pole is 
arbitrary and may be chosen in the upper half plane. 

Now the first order amplitude for a transition of a from the state «p, to g, 


in the potential Af9 (5) is 
—i f [Ery tgp) a, K.,, (0.5) AOPK (5, D ga) (6) 
as follows from the Schródinger equation for nucleons: 
2 
(i V —m— AO) y — 0. (7) 
e=1— 


The function K4 in (6) is the transition amplitude of Feynman: 


i Er A P 
K4(2, 1) -aa f kn k. (6^). 


By (3) and (1) the amplitude (6) takes the form 
f f f [8.89 dia, d*z, 9, (3) Bq (0 bp KQ( 45 52) 6,9 (D o9, (2-.— (9). 
with 


KO, 4; 1, 2 


(9) 
=4nig S f [atat K 4 (3,9) uui K 4 (5, DE pp 0,6) X19 (06:42). 
o=1 
The integrand in (9) | 
K | (3,9) yua E ya DF py 0,0) XR (65 42). (10) 


describes the action of b on a and must, of course, be equal to the action of a on b, 
which is, by similar arguments, 


X(90(5:3, 1) - F,,5,6) Ky 059) y, K | (6,2). (11) 
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From the identity of (10) and (11) for all points 1, 2, 3, 4, 5, and 6 for all kinds of 
transitions it follows that 

aw (5;3,1)— const - K , (3,5) Yu K | (5, 1); (12) 


Putting const = 1 we obtain: 


jO) =g f [Pa dn, 9 (4) pK, (4,6) y, € K (6,2) ep(2)=99(6)y,2y(6) (13) 
and y 
KG(3,4;1,2) =4aig X f f dts da K |, (9,5)y, iK 1,6.) 


o=1 (14) 
`F (5:6): K , (4,6) y, 70K, ,(6, 2). 


This is the solution of the problem of interaction in the first approximation. The 
zero order approximation is, of course, 


K (3,431,2) = K (3,1) K ,,(4,2). (15) 


Higher approximations may be written down immediately or deduced by similar 
methods. 
For the case of no interaction, p=w and 


IP =g wy, Ou (16) 


becomes the usual Dirac current which justifies the assumption const =1 in (12). 
In the case of interaction, the current (13) has the character of a fluctuation current. 
The total charge corresponding to (13) is zero in this case. 


Statistical Interpretation of the Klein-Gordon Equation *) 


Jan RZEWUSKI 


Physical Institute, Nicholas Copernicus University, Torun 
September 11, 1950 


It is possible to find a statistical interpretation of the equations containing 
time derivatives of second and higher orders by a method similar to that used for 
the Sehródinger equation. This enables us to calculate cross sections for scattering 
processes involving waves obeying various types of fields equations without help 
of the quantum theory of fields. We shall explain the procedure on the special case 
of the Klein-Gordon equation with a given perturbation 


| (Ll—m?) y =g py, (1) 
where y(x) is a-complec field, g(x) a given external potential, g a small coupling 
constant and x (x,) a point of the space-time. To distinguish points we shall often 


* Part of lectures held at the Theoretical Physics Conference in Zakopane- 
Kuźnice, August 7—26, 1950. 
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write 1,2,... instead of x’,x’’,... It is most convenient to use the Green-function 
treatment of field equations introduced by Feynman? (cf. also Rzewuski? ). We 
first express the solution of (1) by means of the boundary values on a hypersurface 
consisting of two hyperplanes t=i, and t=? and an arbitrary timelike hyper- 
surface connecting those planes at infinity. The contribution from the latter vanishes 
and we get 


v(2) = fo) X41) 6072) Bah — fy’) Xa’) 6072) Pat, (2) 


Here ti 7 1,7 ti, d x= dx dyde, 


M. g 
DA Cae ee G(12) = (9(12), 
=a a (3), Cea os (4) 
3012) = g (43) g (3) G9? (32) dia, (5) 
and 
(0) l eg kx j 


The integrand in (6) has two poles at k,— fg em. To give (6) an unambiguous 
meaning we fix the path of integration so as to make it pass the negative pole on 
an infinitesimal circle in the lower half of the complex k,-plane and the positive 
pole in the upper half of this plane. The consequence of this prescription is that 


the operator X4(1)G(12) propagates plane waves 
yP (x) — v9 (p) eP, p?-— m? (7) 


with positive energy (p, 20) forwards in time and the complex conjugate of (7) 
backwards in time: 


9(2) for ti >t 

0 Wo PEN fon 
[vm Xa) @ (12)d*21 | 0 P N (8) 

0 tet 
0* (1) X4(1) G@ (12) dx= rr 9 
fy (1) X4(1) (12) d* 2i wo ME EE (9) 


With help of (2), (4), (5), (8) and (9) we may express the solution of (1) by means 
of G(),. p and the incoming plane wave vo (x) 


9,0) = 99 (2) +9 f G23) g (3) vf (3) dry, (10) 


- and similarly the solution of the complex conjugate equation to (1) if vo denotes 
the outgoing plane wave 


v (2) 9" (2) +g fatu, y9" (3) g (3) 6 (32). (11) 


the only assumption being t| —— oo, ti» +00. 


1 Feynman R. P., Phys. Rev., 76, 749 (1949). ; 
2 Rzewuski J., Stud. Soc. Sc. Torunensis (in press); Acta Phys. Polonica, 


preceding letter. 
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Now we ask for the uprobabhity amplitude for Reatierihh in the external 
field p of the plane wave yf at tt ——oo into the state y? at t — J- oo. In the case 
of the Schródinger equation we argue as follows: At t; = —oo a have an incoming 
plane wave pI which is the solution of the infensa Klein-Gordon equation. 
The perturbation p changes pe into say w, which is the solution of the full equation. 
On a hypersurface say (— t] this y} may be considered as a superposition of plane 
waves like (7). The probability amplitude that at a measurement we find the state 
vo is simply the corresponding expansion coefficient 


[tras anas a2) 
if the y? are normalized to unity. This coefficient is independent of the time t, in 


the limit #, —> + co. 
We generalize this procedure for the Klein-Gordon equation and take 


Aly? + =f P*O) FO) p (1) Bary (13) 


as the transition amplitude DERE Here q,(1") depends linearly on the initial 


state yh (1’) according to (10) and Y(1") is an unknown operator. The linear de-. 


pendence on the initial and final state is necessary in view of the linearity of quantum 
theory. The operator Y(x) is easily determined by a symmetry argument. Indeed, 
by means of (11), we can express px (1') by the outgoing wave vot (5) at +00. 
Thus the same transition amplitude may be written 


Aly? -p= fanr Y'(V) P) da, | | (44) 


where Y' is another unknown operator. It is understood that in (13) the limes 
i - co and in (14) tj 7 — oo is taken. From the identity of (13) and (14) for all possible 
y? and p it follows that 
> < 
¥(2) =¥'(e) - X2) $—5, (18) 
Normalizing the plane waves in such a way that the unperturbed transition 
wp? >y? has an amplitude of modulus one, we get 


1 
TAA Ga) 


where V is the considered volume of space. Now we can finally write (13) or (14) 
in either of the forms 


vp)- 


EER eg i d*z yO* (2) p(x) p (2) = 
(17) 
id s TENE ph (x) p(x) pO (a). 
Lif p,— p, : ae 
Here on v? = WT D (We consider a finite V and therefore a discrete spectrum 


of the p's. In the case of continous spectrum the -function should be used). We 


— my te 
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may note that the final result (17) has not the covariant form of (10) or (11). This 
js caused by the non-invariance of the definition of the transition amplitude and 
the resulting non-invariance of the normalization procedure. However, the physically 
important second terms of both forms of (17) become relativistically.invariant after 


multiplication with [/(p,(pa),. e- g- 


— Vir, f 4*« v$* po v, 6: VOD: (18) 


An analogous procedure may be applied to relativistic equations of higher order. 
A full account of this work will be published shortly in this journal. 


Coincidences in GM-Counters due to Single Gamma - Photons 


JERZY GIERULA 


Physical Laboratory of the Mining Academy, Kraków 
December'5, 1950 


Miesowiez, Jurkiewiez and Massalski !,? showed that in the measurements 
of cosmic radiation at great depths the excess of twofold ever threefold coincidences 
in a counter telescope can be explained by local y-radiation. They suggested the 
following mechanism of these coincidences: the y-quantum going through the first 
counter discharges it by producing a Comnton-electron and the scattered photon 
discharges the second counter. The possibility of such coincidences was mentioned 
already by Dunworth?. These coincidences may be easily observed in scintillation 
counters, as was shown by Hofstadter and McIntyre‘. Beringer 5 observed their 
very small influence on the results of measurements of angular correlation of y-rays 
emitted in cascade. : 

The aim of the present experiments has been to investigate the mechanism 
of such coincidences in GM-counters. A collimated beam of ThC" y-rays filtered 
through 25 mm of lead has been directed to a first counter and scattered in it. The 
scattered y-radiation has been registered in a second counter working in coincidence 
with the first one. This counter telescope could be rotated around the axis of the 
first counter. The rate of coincidences at different angles between the y-ray beam 
and the axis of the telescope has been registered by means of a coincidence circuit 
with a resolving time of 0,36 p see. The curve in Fig. 1 shows a distinct maximum 
of the rate of coincidences at about 28°. Assuming that the coincidences are caused 
by Compton scattering of the y-rays in the first counter, I have calculated the 
theoretical curve of the angular distribution of the coincidences, based on the formula 
of Klein and Nishina, the known ranges of the Compton electrons in the material 
of the wall of the counter and the dependence of the efficiency of the counter on the 


1 Miesowicz M., Jurkiewicz L. and Massalski J. M., Phys. Rev., 77, 
380 (1950); Acta ‘Phys. Polonica, 10, 69 (1950). 
2 Miesowicz M. and Massalski J. M., Acta Phys. Polenica, 11, 274 (1951). 
8 Dunworth J. V., Rev. Sci. Instrum., 11, 167 (1940). 
4 Hofstadter R. and McIntyre J. A., Phys. Rev., 76, 1296 (1949). 
8 Beringer R., Phys. Rev., 63, 23 (1943). 
| 20 


` Acta Physica Polonica. 
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energy of y-radiation. The curve which I have got agrees very well with the data | 
of the measurements, as can be seen from Fig. 1. 

Using these data it is also possible to estimate the rate of coincidences in the 
double telescope working in a space filled with isotropic y-radiation. The rate of the 


(401%) YSLNNOD 19313 IHL NI ISINA INO 334 SIINICIINIOD 


coincidences estimated in this way is of the same order as found by Miesowicz and 
Massalski? in their measurements in a salt mine. A more detailed account will be 
published shortly in this journal. . 

I express my indebtedness to Professor M. Miesowiez for suggesting the subject 
of the research and for the kind interest and many valuable discusions during its 
course. 


Non-Local Quantum Electrodynamics 


JERzY RAYSKI ; 


: Department of Physies, Nicholas Copernicus University, Torun 
Jauuary 18, 1950 


E A. non-local electrodynamios, based on the reciprocal commutation relations 
of Yukawa ' is investigated. The non-local spinor field in vacuo obeys the following 
commutation relations 


' v L? ; 
(og Q7), Yala’, ayy m i Sag (1—2,r, 8^), (1) 


1 Yukawa H., Phys. Rev., 77, 219 (1950). See also Born M., Proc. Roy. 
Soc. Edinb., A.62, 40 (1944). ee 


a E 
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where generalized S(x,r,s) function may be defined (together with other S-like 
functions) in the following way: Let $ denote any one of the well known S,8,S® 
etc.... functions, then 


^ 


S(x,7, 8) = (yo —m) A(x,71,8), (2) 
ot w 

where the Fourier transform of the 4 function is 

ÁA(k,r,s) = A(k) o(k,) o(k, 8), (3) 


where Á(k) is the Fourier transform of the usual A(x) function, well known from 
the electrodynamies of Schwinger, while 


O(ku vu) (Turu + Ak, ky) 


o(k,r) = 
far 6 (kuru) ô(TuTu+ Mk yky) 


: (4) 


The field quantities obeing the Dirac equation and the commutation relation (1) are 


w(z,r) = X Wyo) (0,0), (5) 


where w(x) are plane waves with the wave vector Kin) well known from the usual 
theory of fermions. : 
A general correspondence rule? 


a(x) = fate a(e,r) (6) 


enables to construct the densities of observables with the aid of the matrix multi. 
plication law. For the current density we get 


jul) = [dtrdts suly.ris) (7) 
with > 
suly, r,s) = 4ly (Y8) yu y(yr)] (8) 
where 
y = n—4 (rF s). (9) 


The most natural form of field equations with a non-localized interaction is con- 
stituted by integral equations avoiding the infinitesimal point of view. We express, 
therefore, the interaction with the electromagnetie field by means of some integral 
equations written in terms of advanced and retarded potentials 


A (2) = Ate(a) + f d'a D (2^) i, 67) (10) 
vy») = yry it dP’ Sey —y'n,s) Gh w^ Ag | QD 


where i : 
/ ap’ = d^x' d^r' d's’ = d*y'd*r'd's'. (12) 


2 Rayski J., Acta Phys. Polonica, 10, 103 (1950). 
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Similar equations hold for the advanced potentials. The above equations are in- 
variant under the restricted group of linear gauge transformations 


A p(x) + Au(x) — x. pyr) > v(y,r) eiO, (13) 
u 
where f is a linear function 
f(x) = autu 4- b. (137) 


The linear gauge invariance is sufficient to make constant potentials meaningless. 
and seems physically acceptable. 

The general method of quantization consists on assuming for the ingoing 
(and outgoing) waves the commutation relations for the fields in vacuo (without 
interaction). The commutation relations for the perturbed waves then follow auto- 
matically from the integral field equations. This method of quantization avoids 
the canonical formalism and is applicable to a wide class of field equations with 
a non-loealized interaction. The S-matrix may be constructed by means of a pro- 
cedure due to C. N. Yang?. In our case we have 


A (2) AO (2) 4-5 f dP Dee — v?) orn (14) 
vy.) = «0 (,7) +5. f aP Biy yr’) hr ns Aae (15) 
[AO (x), 8] = Z" f ar'Ds—2^ (s. [w (y^, 8^), y, wQ^ T) (16). 
[Ours =e f 4P'Sy —v ns S py Ane}, A 


where the quantities labelled with the index zero mean half the sum of advanced > 
and retarded potentials, while S is the S-matrix of Heisenberg. (14) may be substi- 

tuted into (15), (16) and (17) so that we obtain new equations dependent upon AQ 

only (and not upon A,). Then, (14) may be treated as a definition of A, and not 

as one of the equations. Thus, we are released from the necessity of investigating 

the auxiliary eondition for the perturbed A, but may limit ourselves to AT only. 

The Lorentz condition is simply 


fai = 0, (18) 


which reduces to two well known initial conditions. 

There is little doubt in the compatibility of (15), (16) and (17) together with : 
the (interaction free) commutation relations for A® and y (y,r) and in the existence 
of an S-matrix. The S-matrix elements obtained from (14), (15), _ (16) and (17) differ 
from the traditional ones by the fact that every w(x), y(x), S (x' — x”) is repla- 
ced by its non-local counterpart taken at the translated point y: w(y.T), (y. 8), 


S(y' —y" ré), while the integrations | dix'diz ... are supplemented to threefold 


integrations di dP’dP’’... This is a general rule for an immediate transcription of 


the usual S-matrix into the non-local form. The new S-matrix differs from the usual 
one by a set of relativistic convergence factors. The usual convergence difficulties - 
are expected to be surmounted by the above non-local formalism. 


3 Yang C. N., forthcoming paper in Phys. Rev. See also Kállén, Arkiv tor 
Fysik, 2, 371 (1950). 
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Relativistically Invariant Homogeneous Canonical Formalism 
With Higher Derivatives 


JAN WEYSSENHOFF 


Physieal Institute of the Jagellonian University, Kraków 
Received March 7, 1951 


Just over one hundred years ago Ostrogradzky (1850) showed how to apply 
Hamilton's canonical formalism to problems in the Calculus of Variation involving 
second (or higher) derivatives as arguments in the function under the sign of in- 
tegration. Recently attention has been drawn to the fact (cf., e. g., Bopp 1948) 
that the introduction of second derivatives in the Lagrangian function may lead 
to promising results in connection with the dynamies of elementary partieles and 
its quantization. On the other hand it is well known that to treat all the four 
space-time variables on the same footing, it is necessary to eonsider the time 
as a fourth canonical coordinate and introduce an auxiliary parameter (without 
physical significance) acting as integration variable in the expression for the action 
in the ,homogeneous Hamilton principle" and as differentiation variable in the 
corresponding Euler-Lagrange equations. 

The Hamilton-Ostrogradzky principle has been put therefore in „parametric“ 
or „homogeneous“ form by writing it as 


p 1 Te (1) 
à f de £ (a, 2" 2h) ae 


TU, 


where primes denote differentiation with respect to the arbitrary parameter m, the 
variation of the independent variable z vanishes identically and the variations of 
the dependent variables q^— y^(z) vanish at the ends of the path of integration; 
u= 1...4 (or, more generally, 1...n). For the integral in (1) not to depend on the 
choice of the parameter z, L must satisfy the two following identities 


gd Lage 9. (I) 
3x” aa 
Mam : (II) 


the first expressing the independence of the integral in (1) with respect to linear 
changes of parametrization, the second — with respect to other, non-linear, ehanges. 
As is well known, the corresponding Euler-Lagrange equations are 


dL So DE d (26 dao (2) 
da^ a^ dmi dam ggh 
Call zh = wh, introduce 
f e p (3) 
; 2m 
and put i 
E oui (4) 
Pu = D tu: 
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In (3), (4), and from now on, £ has to be considered as a function of z^, w^ and wh. 
Identity (II) becomes 


My, w“ = 0 (II a) 


and both identites (I) and (II) yield 


L = puw + n, we. (III) 


Because of (IIa) equations (3) cannot be solved for w#; we assume that 
there are no further relations between z^, w and n, — except (II a). There must 
exist, however, a relation between z^, wt, Ny and Pur which we may obtain by 


eliminating wt from (3) and (III). Let us write this relation in the form 
H (2#, Pu; we, wy) = 0. (5) 


We assume also that there are no other relations between a, Pu, w" and n, but, 

obviously, the relation (5) may be put in other, equivalent, forms. There exist thus 

in this case — as is well-known from the similar case of the parametric form of 

Hamilton's principle without higher derivatives — an infinity of Hamilton's functions. 
The cano ieal equations may then be written, as follows 


IH , 489€ . 
MI Sp LESE = 
x 9p, u $us a 
z IH , : 499€ 
u u j 
w “Amn > Ny = E r. SA 


It can be further shown that the Lagrangian function of a spin-particle, or | 


, 
rather its part depending on the four-dimensional ,,quasi-acceleration“ «o^ is pro- 
portional to the fourth root of the square of the modulus of the „transverse quasi- 


3 , w , A 
acceleration" w4— = = w^ (eq. (7) below), this being a consequence of the following 
v 


three assumptions: (1) it is Lorentz invariant, (2) it does not depend on the arbitrary 
choice of the parametrization, and (3) it neither vanishes nor becomes infinite when 
w,we tends to zero, i. e., when the velocity of the (three-dimensional) singularity * - 
tends to the velocity of light. : 
To ensure continuity with relativistic dynamics of particles without spin, - 
we must add the usual Lagrangian function for this case. Thus, we can finally write 


the expression for the Lagrangian function of a spin particle with any velocity not 
exceeding the velocity of light, as follows 


| Vae Ay 
£= — 2| V= wt + Yo ee] C 


“As £ is only defined to an arbitrary factor y is a constant without physical sig- . 


nificance, from the point of view of the present variational principle, lis a uni- © 
versal constant with the dimensions of length. 1 


1 From the point-of-view exposed in 1948 (Weyssenhoft 1948 a) not the sin 
gularity itself but rather its mean position has to be considered as the relativisti; 
model of an elementary particle with non-vanishing spin. 
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As a first application of our variational principle the equations of motion of: 
(a) a spin-particle moving with a velocity smaller than that of light (Frenkel 1926, 
. Mathisson 1937), (b) a , pole-dipole particle’ (Hónl and Papapetrou 1940), and 
(c) a spin-particle moving with the velocity of light (Weyssenhoff and Raabe 1948) 
may be deduced as particular cases and their interdependence elucidated. 
Perhaps it is also worth mentioning that, due to the appearence of the 
fourth root in the expression for the Lagrangian function, the theory cannot be 
considered as a whole without the use of complex numbers. 
The full text will appear in the next issue of this Journal. 
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